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Measurement-induced phase transitions are nonequilibrium transitions between phases character-
ized by distinct entanglement scaling behaviors, driven by the competition between unitary dynamics
and measurements. Despite recent numerical efforts, how quenched disorder affects these transitions
remains unclear. In this work, we study a d-dimensional noninteracting fermionic system subject
to both quenched disorder and continuous monitoring of the local particle density, and derive an
effective field theory describing its long-time universal behaviors. We find that the system is gov-
erned by the same nonlinear sigma model as in the case of clean monitored fermions, with disorder
entering only through a modification of model parameters. This result suggests that the presence or
absence of a measurement-induced phase transition is unaffected by the introduction of disorder. In
spatial dimension d = 1, the system exhibits only an area law phase and no transition, whereas in
d > 1, a transition persists between an areaxlog law phase and an area law phase, with the critical
measurement rate suppressed by disorder. Numerical simulation confirms the absence of MIPT in
d = 1, and the linear shift of the critical measurement rate by disorder scattering rate in higher

dimensions predicted by analytical theory.

I. INTRODUCTION

Measurement-induced phases and phase transitions
(MIPTs) have attracted significant attention from both
the condensed matter and quantum information commu-
nities in recent years. These phenomena not only deepen
our fundamental understanding of information and en-
tanglement dynamics driven by the competition between
unitary scrambling and local measurements, but they are
also highly relevant to quantum computation, as quan-
tum error correction and coupling to the environment in-
evitably introduce effective measurement-like nonunitary
dynamics.

MIPTs were first extensively investigated in random
quantum circuits [1-37], where a transition between
volume-law and area-law entanglement phases occurs at
a critical measurement rate. More recently, this research
has been extended to various other platforms, including
complex fermions with U(1) charge conservation [38-62],
Majorana fermions [51, 63-65], free bosons [66], and dis-
ordered systems [67-71]. For complex fermions in one
dimension, the field was initially divided, with a group of
investigations concluding that there existed a phase tran-
sition from a logarithmic phase, scaling with log ¢, where
£ denotes the size of a subsystem, to the area law phase
[41, 42, 47], and another stating that no genuine phase
transition existed [38, 49, 58]. It was later discovered
that monitored free fermions can be mapped to a Keldysh
nonlinear sigma model (NLoM) [50, 51]. This NLoM has
the same structure as the one governing the Anderson lo-
calization transition [72], but is evaluated at a different
replica limit (R — 1 instead of R — 0). A renormal-
ization group (RG) analysis of this NLoM reveals that
no genuine phase transition for 1D free fermions survives
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in the asymptotic limit £ — oo [50]. Instead, the inter-
mediate scale logarithmic entanglement entropy actually
saturates at the correlation length, where it gives way to
strictly area-law entanglement. This analytical predic-
tion was further corroborated by careful numerical cal-
culations reaching much larger system sizes [59]. Further
analytical and numerical studies confirm that the MIPT
of free complex fermions only occurs in higher dimen-
sions (d > 2), where a phase transition exists between a
areaxlog law ¢4 1log ¢, and the area law phase [59, 73~
75].

Realistic physical systems are rarely completely clean;
rather, ubiquitous quenched disorder significantly alters
the wave functions of fermionic systems, driving Ander-
son localization in low dimensions or at strong disorder
strengths [72, 76]. In static free fermion systems with
quenched disorder, it is well established that the entan-
glement entropy obeys an area law, even in the weak dis-
order delocalized phase [77]. However, previous studies
have shown that local measurements can introduce de-
localization corrections for dirty fermions [67], and even
stabilize the critical phase and the associated MIPT in
1D free fermions [68]. Therefore, it is very interesting to
further investigate the interplay between measurement
and disorder to determine the ultimate fate of MIPTs
in fermionic systems. Additionally, the quantum correc-
tions responsible for the absence (presence) of an MIPT
for monitored fermions in d = 1 (d > 1) are similar to
the weak localization corrections in static disordered sys-
tems, with both described by analogous NLoM. Disor-
dered and monitored systems thus provides a rich arena
to explore these closely related but phenomenologically
different effects.

In this work, we develop a two-matrix field the-
ory within the replica Keldysh formalism to describe a
monitored disordered system of noninteracting fermions,
with a local-in-time matrix field ¢ capturing the ef-
fect of continuous monitoring, and a bilocal-in-time ma-
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trix field Qtt/ capturing the effect of disorder. We find
that the Goldstone modes, governing the universal long-
time, long-distance behavior of the system, is gener-
ated by applying the same local-in-time unitary rotation
in replica and Keldysh spaces to the saddle points of
both fields. The allowed local-in-time rotations are re-
stricted to the same subset that generates soft modes in
the measurement-only (clean monitored) theory. Con-
sequently, the Goldstone fluctuations are described by
an NLoM with the same structure and the same target
manifold as in the measurement-only theory, but with
parameters modified by disorder. Specifically, the stiff-
ness A changes from A < 1/7y, in the measurement-only
theory to A o< 1/4, where ¥ = ym + b is the total decay
rate including both the disorder-induced elastic scatter-
ing rate 7p and the measurement-induced decay rate v,.

By contrast, the remaining fluctuations that are mass-
less in the disorder-only or measurement-only theory
now become massive in the presence of both disorder
and measurement, and can be separated into three cat-
egories with different origins. First, fluctuations gener-
ated by applying the same local-in-time rotation to both
G and @ are massive if that rotation do not belong to
the measurement-only Goldstone manifold. Second, rel-
ative local-in-time rotations of ¢ and ), in which the
two fields are rotated by different local-in-time unitaries,
also acquire a finite mass once measurement and disor-
der are both present. These first two types of massive
modes are local in time, and when integrated out lead to
a renormalization of NLoM parameters. In particular,
they generate the factor z = 4/27, that renormalizes
the temporal gradient and source terms in the replica-
asymmetric sector of the NLoM. Third, a separate class
of massive fluctuations originates from nonlocal-in-time
rotations of ), which are soft in the disorder-only the-
ory but become massive in the presence of measurement.
At the quadratic order, they decouple from the local-in-
time Goldstone modes, and can be ignored away from
the limit vy,/7p < 1 where their mass becomes small.
As a result, in the regime of weak disorder and measure-
ment strengths (when both ~,, 7p are much smaller than
the characteristic kinetic energy scale), and away from
the disorder dominated limit v, /vp < 1, the low-energy
dynamics is governed entirely by the local-in-time Gold-
stone modes. The resulting NLoM has the same form
as in the measurement-only theory, with disorder only
modifying its parameters.

The fact that the quenched disorder leave the form
of the NLoM unchanged and enter only through the
modification of parameters imply that it does not affect
the presence or absence of a measurement-induced phase
transition. In d = 1, the measurement-induced phase
transition remains absent, whereas for d > 1 a transition
between critical and area-law phases persists, but with
a shifted critical measurement rate. In particular, since
the introduction of disorder changes the stiffness of the
NLoM from 1/vm to 1/(m=+7p), it suppresses the critical
measurement rate in d > 1. Our numerical simulations

support these sigma-model predictions. Specifically, our
1D results demonstrate that disorder does not stabilize
the MIPT in 1D. Instead, there is no genuine MIPT in
disordered 1D fermions, in contrast to previous numeri-
cal claims based on small system sizes [68, 71]. Our 2D
results confirm that the MIPT persists in the presence
of disorder potential and that the critical measurement
rate ~y, decreases linearly with increasing p, consistent
with the analytical prediction.

The rest of the paper is organized as follows. In Sec. II,
we introduce the theoretical background and formulate
the replica Keldysh framework for the monitored dis-
ordered fermions. In Sec. III, we derive a two-matrix
field theory and perform a saddle-point analysis. In
Sec. IV, we investigate Gaussian fluctuations around the
saddle point configuration in both the replica-symmetric
and replica-asymmetric sectors and evaluate the averaged
density response function as well as the second cumulant
of the number of particles in a subsystem, from which the
entanglement entropy can be extracted within the Gaus-
sian approximation. In Sec. V, we derive the NLoM that
describes the Goldstone modes governing the long-time
behavior of entanglement entropy and charge fluctuations
in the weak measurement and weak disorder regime. We
show that this effective theory coincides with that of the
measurement-only case after a replacement of parame-
ters. In Sec. VI, we present numerical evidence support-
ing our analytical findings, demonstrating the absence
(presence) of an MIPT in 1D (2D), as in the clean case.
We further show that in 2D, disorder shifts the MIPT
to a lower critical measurement strength, with the crit-
ical v, decreasing linearly with increasing yp. Finally,
in Sec. VII, we summarize the main results and discuss
possible future directions. Additional technical details
are provided in the Appendices. Appendix A presents
the explicit expressions for the dressed propagators of
local-in-time Gaussian fluctuations, while Appendix B
extends the analysis to include massive bilocal-in-time
fluctuations. Further details of the NLoM derivation are
provided in Appendix C, while the numerical approach
is discussed in Appendix D.

II. MODEL AND REPLICA KELDYSH
FRAMEWORK

We consider a d-dimensional system of noninteracting
fermions subject to both quenched disorder and contin-
uous monitoring of the local particle density n,. The
dynamics over a time interval dt consists of (1) the
unitary evolution e’”{ % generated by the Hamiltonian
H = Ho+ Hgis, where Hg represents the hopping between
different sites and Hy;s denotes a static on-site disorder
potential, and (2) the weak measurement of the local
particle density described by a set of Kraus operators:

KOt .

Ko, = N, exp (—2(nr — mr)2> : (1)



Here k denotes the measurement strength, m,. is the ran-
dom measurement outcome at site r. The probability
of observing a given outcome is determined by the Born

rule [78] P,,, = Tr ([A(mr[)f(jnr
matrix right before the measurement. The normaliza-
tion constant N,,, is chosen to meet the positive-operator
valued measure (POVM) condition, } IA(;fnr K =1.
Combining the unitary time evolution and measurement,
the density matrix p evolves according to

) , where p is the density
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where p denotes the unnormalized post-measurement
density matrix, and m,; represents the measurement
outcome at site r and time ¢.

In the continuum limit, the long-time behavior of the
system, after averaging over quantum trajectories and
disorder realizations, is described by the following replica
Keldysh path integral
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Here 17/ carries both a replica index j = 1,2,...R, to-
gether with a Keldysh index a = +(—) corresponding
to the forward (backward) Keldysh branch. n/4 is the
classical/quantum component of the particle density, and
is defined as
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We have used the short-hand notation [ = [ d%r and

J; = fifoo dt, where the final time is set to ¢ty = 0, by
which the system has reached the dynamical steady state
whose properties are studied.

The action Sy describes the unitary time evolution of
noninteracting fermions in the absence of disorder and
measurement. The corresponding bare Green’s func-
tion Gy is given by: Gp' = i0; — £(—iV), where £(k)
denotes the single-particle kinetic energy. The action
Sy accounts for the effects of the static disorder po-
tential Vgis(r) and the continuous monitoring encoded
by the effective measurement noise Vieas(r,t), which

can be viewed as the continuum limit of measurement
outcomes. Relative to previous field-theoretical studies
of clean monitored fermions [50, 73, 74], the essential
new ingredient of the present theory is the inclusion of
the static disorder potential Vgis(r). Both Vgs(r) and
Vineas(r, t) are taken to be Gaussian with zero mean and
variances

Vais(0)Vais (v) = 8(r — ')/ (270701),
Vineas (T, 1) Vineas (r/, ) = 925(1' - r’)5(t - t,)a
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where g2 o k characterizes the measurement strength,
Ter Tepresents the elastic scattering time due to static
impurities, and v is the density of states of the underlying
(unmonitored) system. The overline here, and in the
first line of Eq. 3, represents averaging over Vyis(r) and
Vmeas(ra t) :

We also introduce a source term S; to study the full
counting statistics of particle number and the entangle-
ment properties. By taking the functional derivatives of
Z[J] in Eq. 3 with respect to the source field J, whose
quantum (classical) component J a/el couples to the classi-
cal (quantum) component of local particle density n/a;
we obtain correlation functions of the particle density
and, consequently, the particle number cumulants.

For our system prepared in a Gaussian initial state,
the particle number cumulants determine the von Neu-
mann entanglement entropy S between a subsystem A
and the rest of the system via the Klich and Levitov for-
malism [79]:

Sa=—Tr(palnpa) Z2C (29) C(zq . (6)

Here p4 is the reduced density matrix for subsystem A,
and Cgm) is the m-th cumulant of the total particle num-
ber in this subsystem, N = > rea fir- The expansion
in Eq. 6 is dominated by the leading term S ~ %201(42),
in monitored free fermionic systems with weak measure-
ment strength [50, 74] and also in weakly disordered sys-
tems [77].

Since this relation between the entanglement entropy
S and the particle-number cumulants C' (™) holds for in-
dividual quantum measurement traJectorleS and fixed im-
purity potential configurations, it directly carries over to
quantities averaged over both quantum trajectories and
disorder realizations — the primary focus of this work.
The quantum trajectory averaging can be performed us-
ing the replica trick. In particular, the averaged n-replica
of the normalized density matrix, required for the eval-
uation of the averaged n-th particle-number cumulant,
can be obtained from

P =D T T (py) 05" = lim Trreng R D @A,
Y Y
(7)

Here the overline represents averaging over quantum tra-
jectories labeled by subscript =, each corresponding to a



specific sequence of measurement outcomes {m,;} and
weighted by its Born rule probability. This Born rule
weighting generates an additional factor of Tr(p,) in the
first equality. In the last equality, the first n replicas gen-
erate p®”, while tracing over the remaining R—n replicas
produces TrR "(p). Analytic continuation to the R — 1
limit then reproduces the quantum trajectory averaged
n-replica normalized density matrix. While the replica
trick is also widely used for quenched disorder averag-
ing, involving R — 0 as opposed to R — 1 limit, in our
framework disorder averaging is handled directly within
this replicated Keldysh framework and requires no addi-
tional replica structure.

Starting from Eq. 3, we then apply the standard
Larkin-Ovchinnikov rotation

W — U0y, = U, U = (1+i72)/v2, (8)

with 7 being the Pauli matrix in the Keldysh space. Af-
ter the transformation, the bare Green’s function in the
Keldysh space becomes

Golwig = (V7T JmEW )

Fy(w) is the initial fermionic Keldysh distribution func-
tion and 7 — 0T is a positive infinitesimal. The rotation
also brings n°/? = nt + n~ to the forms

L A1 ) o
ni,tj = 7/’1« ) n?:g = 1/)£,t f«,t- (10)

IIT. EFFECTIVE TWO-MATRIX FIELD
THEORY

A. Hubbard-Stratonovich transformation

The averaging over quantum trajectories and disorder
realizations is carried out by averaging over Vijeas(r,t)
and Vgs(r), respectively, both of which are Gaussian dis-
tributed with the variances given by Eq. 5. This leads to
two effective interactions with different time structures:

1S3ve = In (eiSV) ,
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The first term (iS,ye1), generated by disorder averaging,
is nonlocal in time due to the static nature of the im-
purity potential. In contrast, the second term (iSaye2),
originating from measurement-noise averaging, is local
in time because Vieas is 0-correlated in time. Hubbard-
Stratonovich decouplings are then applied separately to
these two interaction terms using two auxiliary matrix
fields: a bilocal-in-time matrix field Qs for Save; and a

local-in-time matrix field g; for Ssyep. The different time
structure of the two matrix fields is determined by that
of the interactions they decouple.

For the disorder-averaging generated interaction Sayei,
we decouple in the diffuson channel with the bilocal field

Q:

v
lSavel — /'DQ exp{ .
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Note that we ignore the decoupling in the Cooperon chan-
nel, as we expect that the measurement breaks time-
reversal symmetry and destroys the phase coherence be-
tween time-reversed paths. This measurement-induced
dephasing effect appears as a mass term in the Cooperon,
and suppresses the contribution of the Cooperon to the
long-time physics.

The interaction Syyex generated by measurement noise
averaging admits both an exchange decoupling channel
and a direct decoupling channel [73]. Both channels con-
tribute, and their relative weight f is fixed by the causal
structure of the saddle point (see Sec. ITI B) and the U(1)
Ward identity [80]. This leads to

eisaveQ = /Dq €xXp {+Z /lzt,r [Cjt,r - ff—l ’I\r (ijr%l):l ¢t,r
t,r

L /t [Tr [(Ger7")?] — f Tx? (Qt’rfl)]},
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(13)
where oy = 1/(f 4+ 1).
Combining both decouplings and integrating out the
fermions, we arrive at an effective two-matrix theory:
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Here Q?tb,zrj is a matrix in the Keldysh (a,b), replica

(Qt/t,r@tt',r) .

(i,), and time (¢,t') space, while ¢*%% is a matrix in
the Keldysh and replica spaces but is local in time. The
source matrix J = J + J9% is diagonal in the replica
and time space, with matrix elements (79!, (r) =
Ja/d, A(r, t)0;0+. We note that without disorder the Q
field is absent, and the above equation reduces to the
action of clean monitored fermions [80]. Without the
measurement the ¢ field is absent, and it reduces to the
standard theory of static disorder [81, 82].



B. Saddle point

Taking the variation of the action in Eq. 14 with re-
spect to ¢ and @, separately, while setting the source field
J to zero, we obtain the saddle point equations:

1
[T QSpi— - fT Tr (QSpT )] |t,r
R (15a)
[ - f7 Ti"( )|l er
Qsp(t,t'31) = SP(t t';r,r), (15b)

where

-1
Gep = {Gal + Gsp — fFITr (45p7") + } . (16)

We use a saddle point ansatz in which both Qsp and
gsp are diagonal in replica space, spatially uniform, and
time translationally invariant. For simplicity, we focus on
the half-filling case (. Fo(e) = 0), since the filling factor
has been shown not to qualitatively affect the monitored
dynamics [50, 80]. The saddle points Qsp and s, are
then diagonal in Keldysh space and assume the form

Qsp(wv k) = iVm%Séw,Oék,O» Qsp(sa 5/; k) = 72368,6’51((,0’
17)
Here 2(<£_RR) (Ak) is the decay rate induced

by measurement, with Ay being the ultraviolet mo-
mentum cutoff. It is the measurement counterpart of
the impurity-induced decay rate (elastic scattering rate)
YD = 1/27’C1.

We note that the relative decoupling weight is set
to f = 1/R by preserving the causal structure of the
fermionic Green’s function (in particular the vanishing
of the “anti-Keldysh” (qq) component). This choice also
ensures the U(1) Ward identity [80] and reduces to a
symmetric decoupling [73] in the limit R — 1. Once f is
determined, the retarded and advanced (clq and qcl) com-
ponents of the saddle points follow from a self-consistent
equation as in conventional disorder problem [81], while
the Keldysh (clcl) component is determined by the par-
ticle density at the saddle point and vanish at half fill-
ing [80].

This vanishing Keldysh components of both saddle
points Qsp and gsp reflect the measurement-induced heat-
ing to an infinite temperature steady state [50, 74, 80].
This is in contrast to the conventional disordered saddle
point for @, whose Keldysh component is nonvanishing
and set by the equilibrium fermionic Keldysh distribu-
tion function through the fluctuation-dissipation theo-
rem [81, 82]. Inserting the saddle point solutions into
Eqg. 16, one can see that the disorder- and measurement-
induced decay rates enter the saddle point Green’s func-
tion Gsp on equal footing, leading to a total decay rate

¥ = Ym +D-

IV. GAUSSIAN APPROXIMATION

To analyze the effective theory of monitored disordered
fermions in Eq. 14, we begin by examining the Gaussian
fluctuations around the saddle points. In the limit of
weak measurement and disorder strengths vm, o — O,
the dominant contributions arise from the Gaussian fluc-
tuations 6 = (¢—Gsp)/(im) and 6Q = Q —Qsp, governed
by the action

1
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Here, for convenience, we have applied the transforma-
tion:

F IR,

0 and ¢ are defined as

q=q- 0q = (4 — dsp)/(iym)- (19)

02 k2 w? w
4d;§/2 +E7 d)(w)*%v

0(w, k) = (20)

where v stands for the root-mean-square band velocity.

We focus on the fluctuation §Q'2/2! and §§'2/2! that
are massless in the disorder-only (disordered unmoni-
tored) and measurement-only (clean monitored) theories.
In the presence of both disorder and measurement, these
modes acquire masses at the bare Gaussian level. How-
ever, once the coupling between the §G and 6@ is taken
into account, a massless mode emerges corresponding to
a particular linear combination of these two fields, as
we show below. By contrast, the Gaussian fluctuations
6q'1/22 and 6Q''/?2 are massive in the measurement-only
and disorder-only cases, and they remain massive when
both are present. These massive modes do not contribute
to the long-time physics and are therefore not included
in our analysis. .

Note that the bilocal field §Q¢ .., carries an extra
frequency index relative to the local field 6g,,. To handle
this, we introduce a Fourier transform with respect to the
center frequency &, 0Q,, x(At) = A7 [ 0Qc c—wxe™ 2,

with A. = [ = ;& (%)d. Here At is the relative time

€ 2y \ 27
in 6Q¢yatt, so At = 0 is the time-diagonal component.
at quadratic order, the nonlocal-in-time components with
At # 0 are decoupled from the local-in-time component
At = 0 as well as 6 and J, because the latter are all local



in time. We therefore ignore the At # 0 components in
our Gaussian analysis. Appendix B provides a complete
treatment retaining all modes, including the nonlocal-in-
time components of 6(Q), which yields the same results.

We then decompose the fields into replica-symmetric
(s) and replica-asymmetric (a) components:

mﬁ:%%mA A@ = 4= AG), 54,60, 7.

(21)

Here trp and 1 denote the trace and identity matrix in
the replica space, respectively. The source field’s replica-
symmetric and replica-asymmetric components J*) and
J(@ couple separately to the particle density components
in the corresponding sectors defined as n(®) = Zf’ n'/R,
and n(@? = n? —n() (see S; in Eq. 3). J/9) is defined
analogously and corresponds to the diagonal matrix el-
ement of the matrix j(s/“). At the Gaussian level, the
replica-symmetric and replica-asymmetric sectors decou-
ple and can be analyzed independently.

The replica-symmetric sector determines the average-
density response function, which describes the response
of the average density to an external field,

6”2)(15() . s) b(s
) (k, w) :5J5{s) = —iR(n z(k)”—(w)—ﬂ
w,k J=0 (22)
_i' 52 Z[J)]

, a,b=clq.
J=0
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Here a denotes the complementary Keldysh index defined
by cl=q,q=cl

In contrast, the connected two-point density correla-
tion function

C(r,xst,t") = (gt pr) = (fir) (s ), (23)

is determined by the replica-asymmetric sector. Specif-
ically, the first and second terms in the equation above
correspond, respectively, to the replica-diagonal (i = j)
and off-diagonal (¢ # j) components of the density
correlation function (n:',f nﬂ@) Combining these two
parts shows that C(r,r';t t) reduces to the replica-
asymmetric sector correlator and can be obtained from

Clr,r'st, 1) = Rl_ 3 (i)
_ 1 82Z[J]
T R-1 Z

q(a) q(a
AP WA t,
Once C(r,r';t,t') is known, the second cumulant of the
particle number in the subsystem A is determined by
0(2)( ty) =
tanglement entropy is given by S4 = %2 f) within the
Gaussian approximation.

(24)

J=0

fr)r,GA C(r,r';ty,ty) and the associated en-

A. Replica-symmetric sector: Physical density
response

The Gaussian action for the replica-symmetric fluctua-
tions ¢ and 5Q(S)(O) is given in Appendix A (Eq. A1),
and it shows that the source field J®) couples to these
two fields only through the linear combination

Q1Y = b + 1060 (0). (25)

whose propagator is

<5Q+(5)21 §Q+( )12> v 1

RrvA, O(w, k) — (26)

P(w)

While 63®) and §Q*) (0) are separately massive (see Ap-
pendix A for the explicit expressions of their dressed
propagators), their linear combination §OT) is mass-
less. Its propagator identical to that of ymdG™®) in the
measurement-only theory, except that the measurement-
induced decay rate 7y, now replaced by the total decay
rate 7.

Using Eq. 22, it is easy to see that the average-density
response function IT1(*) has only a single non-vanishing
component—the Keldysh component II()K = [J(s)cld
determined by the propagator of 0T In the low
energy limit (w,vk < 7), I X (w, k) takes the usual
diffusive form

EAG(w, k) A\? 2DR?

02(w, k) — ¢?(w) <27T> (Dk?)? 4+ w?’

(27)
with the diffusion constant D determined by the total
decay rate , D = v?/(2d7). This result has the same
form as in the clean monitored theory, with disorder en-
tering only through the replacement v, — 4 (equiva-
lently, a modification of the diffusion constant D). It
also confirms the Ward identity for charge conservation
MK (w, k — 0) = 0 [80].

iIOK (w, k) =

B. Replica-asymmetric sector: Entanglement
entropy

In the replica-asymmetric sector, we further decom-
pose the fluctuations 63 (6Q(*)(0)) into its 7' and 72
components, denoted by XM (X®)) and Y™ (P©®)),
respectively. More specifically, we have

X(m) — (5q¢(a)12 + 65(@)21)/2’

Y(m) _ i((sé(a)lZ _ 65(@)21)/2’ (28)
and X®) and Y® are defined analogously in terms of
§9Q(@(0). These fluctuations are governed by the action
in Eq. A4 in Appendix A.

In the absence of disorder, Y (™ is massless while X (™
is massive, and integrating out the massive XM mode
only leads to a renormalization of the parameters. By



contrast, in the disorder-only case, both X®) and y®)
are massless. In the current case, when both disorder
and measurement are present, all four modes are mas-
sive. However, their coupling results in a massless mode
corresponding to a linear combination of Y (M and Y®),
while the sector spanned by X (™ and X(®) remains mas-
sive, as in the measurement-only case.
As in the replica-symmetric sector, we introduce

Y = 7V + I, (29)

and similarly for X (). These modes couple directly to

the source field J(. We find that the propagator for
Y () is massless while that for X(+) is massive:

Y(+)'L] Y(+)uv _ JLijuv
< —w—kTwk ) 2nvA, 9(w k‘)’ (30)
ij Pijuv 18— U
iy _ Pijuo 75— T
Ko acXox ) 2mvAe 2%m
where Pij,uv = (5iv6ju — %5”(2“,)

Integrating out the massive mode X we arrive at
an effective Gaussian action for massless mode Y (+):

/ O(w, k) trr (Y(+ i)
/ e
T

where z = %/27y, accounts for the massive mode renor-
malization effect and 6(w, k) is defined as

S(Qa)eff - _

a +
(70 I)) 6D

jq(a) qu(a))

v2k? w?

O(w, k) = (32)

a7 e

The renormalized ¥ () propagator retains the same form
in Eq. 30 with 0(w, k) replaced by 8(w, k).

Using Eq. 31 and Eq. 24, the connected density cor-
relation function C(r,r';t,t') is determined by the ¥ ()
propagator

2 A

C(r,r';t,t') = zTgé(r —r')o(t —t)

2 (PR [T con e~ 1) cos (wlt ~ 1)

2
[ (e i)
(33)

Here the factor cos (w(t —tf)) originates from the half-
space Fourier transform of 0,Y] V) with the boundary

condition Yt(f ) = 0 at the final time ty =0 [83]. Sub-
stituting the explicit expression of the renormalized Y

propagator and setting t = ¢’ = ty, we obtain the equal-
time correlator C(r,r’;ty,ts), whose Fourier transform
is

é(k>:2”$€ /0 o [Z—FZQ;ZZ;)]:(‘;\;)d;} k.
(34)

For a subsystem of linear size ¢, this leads to the entan-
glement entropy

Sy o (;’;) 7\[%1 YIn(¢/4y), (35)

up to a geometry-dependent overall coefficient, with the
effective mean free path £y ~ v/ serves as the ultraviolet
cutoff.

As in the case of the physical response function, the
entanglement entropy retains the same form as the clean
monitored theory, with disorder entering only through
the replacements v, — 4 and z = 1/2 = 2z = 5/27p,.
Note that in the regime 7m/vp < 1, the neglected
nonlocal-in-time modes of §Q (see Appendix B) become
relevant, and a separate analysis is required, as discussed
in Sec. V.

V. NONLINEAR SIGMA MODEL

The two-matrix field theory in Eq. 14 is governed by
Gt r and @y, introduced to decouple separately interac-
tions generated by disorder and measurement averaging,
and carrying different structures in time space. How-
ever, the symmetry of the action in Eq. 14 implies that
the Goldstone manifold of the theory is generated by si-
multaneous unitary rotations of the matrix fields ¢ and
¢ around their respective saddle points, both of which are
local in time, by the same local-in-time unitary matrix
Rt,r

Qtt/ﬂ‘ = ﬁt,r%‘gﬁt_j(gtth ét,r = Z”Ymkt,r%‘sﬁt_,i (36)

The rotation matrix 7%,571. can be parameterized as
R=RoRo, Ro=ReR

. o . gt . (37)
Ro = 67,@@7—1/27 Ry = 6207 /2, R¢ —e

ipr2)2

where © is a traceless matrix field in replica space sat-
isfying trR(@) 0. The matrix field © generates ro-
tations Re in the replica-asymmetric sector, while the
scalar fields 6 and ¢ generate rotations R in the replica-
symmetric sector. As in the measurement-only case, the
rotation R4 produces massless fluctuations due to the
specific choice of the decoupling weight f = 1/R. By
contrast, in the replica-asymmetric sector, an analogous
rotation Rg = e/®®7°/2  with trg(®) = 0, generates mas-
sive modes when applied to both Q and ¢ matrix fields.



The structure of this Goldstone manifold can be under-
stood by comparing the disorder-only and measurement-
only theories. The disorder-only theory involves only
Q, and its action is invariant under unitary rotations
of @ in replica, Keldysh, and time space (ignoring the
cost from éo_ ! which enters only through gradients and
time derivatives), including nonlocal-in-time rotations
that mix different time indices. The fluctuations gener-
ated by such unitary rotations that do not leave the sad-
dle point invariant are therefore Goldstone modes [81].
For the measurement-only theory, which involves only
the local-in-time matrix field ¢, the rotations that pre-
serve the actions are local in time and are further con-
strained by the 7! structure in the quadratic action. The
Goldstone manifold is generated by local-in-time unitary
rotations parameterized by Eq. 37 [50, 73, 74]. When
both the measurement and disorder are present, the ac-
tion remains invariant only when both fields are rotated
by the same local-in-time rotation. The surviving sym-
metry, and therefore the Goldstone manifold, coincide
with that of the measurement-only theory.

The soft modes of the measurement-only or disorder-
only theories that lie outside this Goldstone manifold now
acquire a mass when both disorder and measurement are
present, and they can be divided into three different cat-
egories. The first type arises when both ) and ¢ are
rotated by the same unitary matrix Re = ¢/®®7°/2, The
action is then no longer invariant, because of the 7! struc-
ture of the quadratic action for ¢. As a result, fluctua-
tions generated by such a rotation become massive. The
second type is generated by relative local-in-time rota-
tions between the two fields. Acting on () with an addi-
tional local-in-time unitary rotation R,

Qtt’;r = ﬁt,rﬁt,ri—e’ﬁtj&ﬁtj& 6tt’7 (38)

while keeping ¢ fixed as in Eq. 36, breaks the symmetry of
the present theory and produces massive modes. These
first two types of massive modes couple to the Goldstone
modes at quadratic order and renormalize the effective
Goldstone action once integrated out. The third type
of massive modes arises from nonlocal-in-time rotations
RtQ,,t, . around the saddle point Qsp, which mix different
time indices and produce off-diagonal components in time
space,

- ~3 Q-1
Rty FORE (39)

!

Qtt’,r =

The presence of the measurement-induced matrix field ¢
generates a finite mass for the off-diagonal-in-time com-
ponents 0Qq (t # t'), which are not included in ei-
ther Eq. 38 or Eq. 36. Unlike the first two types, these
nonlocal-in-time fluctuations decouple from the Gold-
stone sector at quadratic order, and therefore can be ig-
nored in the regime of weak measurement and disorder
strengths, except when vm/vp < 1 (see the discussion at
the end of this section).

Let us first focus on the Goldstone modes, temporarily
neglecting the massive modes and the source field. The
Goldstone action can be obtained by substituting the pa-
rameterization Eq. 36 into Eq. 14,

ngm =Trln |:GO_1 + Z.’N}/]Az%gﬁil . (40)

This expression immediately shows that the effective the-
ory for the Goldstone fluctuations in the presence of both
continuous monitoring and static disorder is identical to
that of the measurement-only theory, under the replace-
ment v, — 7. The gradient expansion then proceeds
exactly as in the measurement-only theory, yielding the
same Goldstone action under this replacement (see Ap-
pendix C1 for the detailed derivation).

To complete the derivation, we then include the mas-
sive modes generated by the rotation Reo = ci2®7?/ 2,
which acts on both ¢ ar}d @, as well as those arising from

the relative rotation R between them (Appendix C2).
Once the coupling to the source field J is included, in-
tegrating out the massive modes renormalizes not only
the Goldstone action, but also the coupling between the
Goldstone modes and the source field, as well as the
source-field action (Appendix C3).

Collecting all contributions, we arrive at the effective
action for the Goldstone modes U = exp(i®) € SU(R)
in the replica-asymmetric sector and Q = 7':’,0%3@6 le
U(2)/U(1) x U(1) in the replica-symmetric sector:

is),, = R {trK (%%glatfzo) - gtrK [(VQO)Q] }

2
n %trK [99710) - % (g9 g400)]
- -z [(000) (000) ] + % wea (v},
where (41)
U =0,U +i (j‘““)ﬁ + Uﬁq(“)) :
(42)

(8tJU)T =90t —i (jq(a)fﬂ 4 Uqu(a)) .

Here we have omitted an overall prefactor of (%)d in
the renormalized action S;m for simplicity. trx denotes
the trace over the Keldysh space only. At quadratic or-
der, this action agrees with the effective Gaussian actions
S (Eq. 31) and S3%) (Eq. A1) for the mixed modes
Y+ and §Q).

We note that the derivation of the NLoM for disor-
dered monitored fermions presented here is controlled in
the regime of sufficiently weak disorder and measurement
strengths vm, o < mv?. However, even when both v,
and qp are small, in the limit v, /70 < 1, the neglected
nonlocal-in-time massive modes 6Q might become rel-
evant. These modes are generated by nonlocal-in-time
rotations around )s,. They are massless in the disorder-



only limit and acquire a mass in the presence of mea-
surement (see Appendix B for their Gaussian propaga-
tors). For vm/vp < 1, this mass becomes small so that
these modes cannot be safely ignored despite being de-
coupled from the local-in-time Goldstone fluctuations at
quadratic order. A more detailed analysis of the contri-
bution of these massive modes in this regime is left for a
future study.

The factor z = 4/2v,, in the action above arises from
integrating out massive modes and reduces to z = 1 if
these modes are neglected. It modifies the relative coeffi-
cients of the temporal and spatial gradient terms and can
be absorbed by a rescaling of time. Apart from this z fac-
tor, which takes the value z = 1/2 in the measurement-
only theory, the resulting NLoM for monitored disor-
dered fermions is identical to that of the measurement-
only theory, upon the replacement ~,, — 5 (with the
diffusion constant D o 1/4 modified accordingly). The
same sigma model also appears in conventional equilib-
rium disordered systems in chiral unitary class AIII in
spatial dimension d + 1 [72].

This result implies that the same renormalization
group analysis performed for the measurement-only the-
ory applies here as well, leading to the same one-loop RG
equation [73, 74]. Since z only modifies the relative coef-
ficient of the temporal and spatial gradient terms, it can
be absorbed by a rescaling of time and does not affect
the universal RG flow. We therefore set z = 1 for the fol-
lowing qualitative RG analysis. The resulting stiffness of

d
the present NLoM is A = 4\%;{ (%) , and is determined

by the inverse of the total decay rate 4 rather than the
measurement-induced decay rate 7, in the measurement-
only theory. The corresponding dimensionless coupling
constant A(1) = A(1)I~! then obeys the RG equation for
the AIII NLoM [72-74]

a
dinl —

(d—1)X— Ll + 0O\ Y. (43)
4

Taking the replica limit R — 1, this suggests the presence

(absence) of an MIPT in dimension d > 1 (d = 1).

For dimension d > 1, the RG equation has an unstable
fixed point at A\, = 1/4w(d —1). The transition therefore
occurs when \(fg) = A, where £y ~ v/7 is the mean free
path. This condition gives a critical total decay rate 7, ~
(d;\/al)l/ dyAy, which is also the critical measurement rate
in the clean case. Therefore, the critical measurement
strength in the presence of disorder ~;, is related to the
critical value in the clean case 4, by

Ym =Fe — VD - (44)

When the factor z is retained, the bare stiffness after

time rescaling is instead A\ = \/54\}1% (/2\7;)01 and the
linear relation above should be modified. Nevertheless,
since A < /z2/% = 1/v/29m(7m + ), increasing either
Ym and 7p reduces the bare stiffness A\. Therefore, re-
taining z does not change the qualitative prediction that

disorder shifts the transition to a lower critical measure-
ment strength. In other words, we expect the disorder
potential to enlarge the area-law regime, causing the en-
tanglement transition to occur at weaker measurement
rates in the presence of disorder. As in the Anderson
localization transition, this RG analysis is controlled for
(d —1) < 1 and is expected to describe the transition
qualitatively in dimensions d = 2,3 [74].

In one dimension, the stiffness A decreases under RG
and flows to the strong-coupling regime when the system
size exceeds the correlation length,

Leorr ~ Ly exp (4m)g) (45)
where A\ = % (12\—7’;) is the bare stiffness. At length scales

beyond this correlation length ¢ > (., the logarithmic
growth given in Eq. 35 is cut off as the RG flow enters the
strong coupling regime, and the entanglement entropy
saturates, indicating that the system is in the area-law

phase [50]. The saturation value of the entanglement
entropy is approximately,
Ak 2 ’U2
Sall Zleor) ~ | — | = - 46
A2t~ (2) 4 (40)

VI. NUMERICAL ANALYSIS

To verify the analytical prediction, we perform numer-
ical analysis on monitored dirty fermions. We consider
disordered fermion on a 1D chain and a 2D square lattice,
governed by the Hamiltonian,

H=—t Z(czcj + H.c)+ Z Vin; . (47)
(4.3) i

Here V; is the onsite scalar potential, uniformly dis-
tributed in [-W,W]. We consider the quantum pro-
jection dynamics starting from an initial half-filled Néel
state |Wg) = [1010---10). The fermions are subject
to unitary evolution governed by the Hamiltonian in
Eq. (47). At every time step dt, a randomly chosen site
1 is projected into the occupied state |1) with probabil-
ity (n;), or into the empty state |0) otherwise. Since the
quantum state remains Gaussian throughout the dynam-
ics, we are able to perform large-scale numerical simula-
tions. The quantum projection dynamics is simulated un-
til steady state is reached, at which the physical observ-
ables are measured and averaged over the steady states
of many quantum trajectories. In this work, we employ
a uniform measurement interval with 6t = 1/(N+y) with
N being the number of the sites in the system. Here ~
denotes the measurement rate that is proportional to the
measurement-induced decay rate yp,.

Although the quantum projection protocol differs from
the continuous monitoring discussed in previous sections,
both belong to the same symmetry class and are governed
by the identical NLoM as the one derived in Sec. V.
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FIG. 1. The steady-state covariance G ap for 1D disordered
monitored fermions as a function of measurement rate for var-
ious disorder strength and system size. The geometry of A
and B region in the 1D chain is illustrated in (a) and we have
L4 =Lp =d= L/4. The stars in (b)—(f) represent the cross-
ing point of adjacent system sizes and the color is the same as
that of the larger one. The stars for larger system sizes with
strong disorder are not shown as Gap already show area-law
decreasing with L and no crossings are observed. The data is
averaged over 1000 quantum trajectories for L = 32,--- , 256;
400 quantum trajectories for L = 512; 100 quantum trajecto-
ries for L = 1024; and 50 quantum trajectories for L = 2048.

Therefore, the underlying physics of continuous and dis-
crete monitoring is equivalent, allowing us to use either
protocol to investigate measurement-induced dynamics
and potential phase transitions. We employ the quan-
tum projection protocol in this work as it is computa-
tional more efficient and exhibits weaker finite-size effect
than quantum state diffusion [38, 40]. The computational
advantage is achieved by utilizing a rank-1 polar update
algorithm for the re-orthogonalization. The rank-1 po-
lar decomposition is mathematically equivalent to singu-
lar value decomposition (SVD), which best preserves the
structure of |¥) during the re-orthogonalization. This
rank-1 method is significantly faster than SVD or stan-
dard QR decomposition, and the Newton-Schulz QR
is applied periodically to mitigate the accumulation of
rounding errors. Further details are provided in Ap-
pendix D.

The steady-state particle-number covariance Gyup,
which is proportional to the mutual information Iap ~
%GAB [74], is used to characterize possible MIPT in
the quantum projection dynamics. The covariance Gap
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FIG. 2. Finite size crossing point of G ap curves of adjacent
system size in the 1D disordered monitored fermion system
shown in Fig. VI. The decreasing of the crossing point with in-
creasing system size L indicates the absence of genuine MIPT
in thermodynamic limit.

between two regions A and B is defined as

GAB__/XEA/yGBc(x_y). (48)

Here the equal-time two-point correlation function
[Eq. 23] is given by,

Cxy) = (n(x)n(y)) — (n(x)) (n(y)) - (49)

The covariance is then averaged over quantum trajecto-
ries, disorder realizations, position, and a time interval
after steady condition is reached.

A. Monitored Dirty Fermions in 1D: Absence of
MIPT

We obtain the numerical results for a 1D fermion chain
of length L with periodic boundary conditions. The co-
variance G 4p is evaluated for two equal-size patches, A
and B, of length Ly = Lp = L/4 with a separation of
d = L/4 [Fig. VI(a)]. In the area-law phase, both the
mutual information and covariance G 4 decay exponen-
tially with the system size L. Conversely, if the system
is in the logarithmically entangled critical phase, these
quantities saturate to a constant value [84, 85].

The steady-state covariance Gap is plotted in
Figs. VI(b) — (f) for various disorder strengths. For large
measurement rate y, Gap decreases with system size,
confirming that the system is area-law entangled. For
weak measurement rates, G 4p initially increases with L
for small to moderate system sizes. A genuine MIPT
would manifest as a single, size-independent crossing
point in the Gap curves. However, Fig. VI(b) reveals
that the finite-size crossing between curves of adjacent
system sizes is not constant; instead, the critical mea-
surement rate decreases with L, approaching zero for the
largest system size evaluated.
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FIG. 3. The system size scaling of Gap for 1D disordered
monitored fermions for various measurement rates and disor-
der strengths. The covariance initially increases with system
size, but it rapidly reverse the trend to decrease with L.

Interestingly, this drift of the intersection point to-
wards v = 0 also occurs in disordered fermions. Fig. 2
tracks the finite-size crossing point, %, as a function of
system size. For weak disorder potentials (W = 0.25
and 0.5), the behavior closely mirrors that of the clean
limit, while the crossing point drifts toward zero more
rapidly for stronger disorder (W = 0.75 and W = 1).
These results clearly indicate the absence of an MIPT in
either clean [50] or dirty 1D fermions, corroborating our
analytical prediction from previous sections.

Fig. 3 illustrates the system-size scaling of the covari-
ance G4p for different measurement rate and disorder
strength. For small systems, G 4p initially increases with
L; however, it rapidly begins to decay with L once the
system is sufficiently large. The overall trend demon-
strates 1D free fermions strictly remain in the area-law
phase, confirming the absence of a true MIPT in either
clean or disordered fermions.

B. Monitored Dirty Fermions in 2D: Disorder
Correction to MIPT

Using the same numerical methods as in the 1D case,
we study the quantum projection dynamics of disordered
fermions in 2D. Fig. 4 shows the steady-state covariance
G ap for 2D monitored fermions, with different disorder
strengths. The regions A and B are now strips of size
L x L/4 separated by a distance L/4. With this geome-
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try, the covariance G 4p decays exponentially with L in
the area-law phase, grows linearly with L in the areaxlog
phase, and is independent of L at the transition [74]. For
2D clean fermions [Fig. 4(a), the G 4p curves for different
system sizes crosses at a common point, reproducing the
results of Ref. [74]. Fig. 4(b)-(k) shows G4p as a func-
tion of the measurement rate v for increasing disorder
strength. The crossing of the curves for different system
sizes persists in the presence of disorder, indicating that
the MIPT survives in the presence of disorder.

Fig. 5 shows the critical measurement rate 7. for dif-
ferent disorder strengths. At weak disorder (W < 2),
v, increases with the disorder strength W, reflecting the
change in symmetry induced by the on-site disorder [83].
In the clean limit, the half-filled system on the square lat-
tice possesses an additional effective particle-hole symme-
try. As a result, the monitored fermions are described by
a class BDI NLoM when the system is disorder-free. On-
site disorder breaks this symmetry, changing the symme-
try class of the NLoM from BDI to AIIL. The increase in
~. at weak disorder W < 2 reflects this symmetry change.
Our analytical calculation applies to the AIII NLoM and
therefore does not describe this weak disorder symmetry-
crossover regime. When the disorder becomes relatively
stronger (W > 2), 4. decreases with increasing disorder
strength, and the change in . is proportional to W?2. For
the uniformly distributed disorder used in the numerical
simulations, the disorder-induced elastic scattering rate
is given by 7p oc W2. Thus, the numerical results are
consistent with the analytical result in Eq. (44), which
predicts that the critical measurement rate decreases lin-
early with disorder-induced scattering rate yp oc W?2.

VII. CONCLUSION AND OUTLOOK

In this work, we study the interplay between quenched
disorder and continuous monitoring of the local parti-
cle density in a d-dimensional system of noninteracting
fermions. We formulate a two-matrix field theory com-
posed of a nonlocal-in-time matrix field () that encodes
the quenched disorder and a local-in-time matrix field ¢
that captures the continuous monitoring. We find that,
in the weak-measurement and weak-disorder regime, the
long-time, long-distance behaviors of monitored disor-
dered fermions are governed by the Goldstone modes
corresponding to simultaneous local-in-time unitary ro-
tations of the two matrix fields, and that the resulting
effective theory reduces to the same NLoM describing
monitored clean fermions, with disorder entering through
renormalized model parameters. This finding suggests
that disorder does not affect the presence or absence of
an MIPT in any dimensions. In particular, in one dimen-
sion, our result implies that disorder does not stabilize
the critical phase or induce an MIPT, contrary to earlier
numerical studies. In d > 1, our theory predicts that dis-
order lowers the critical measurement rate (Eq. 44). Nu-
merical simulations of 1D and 2D lattice models provide
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FIG. 4. The covariance G ap of 2D monitored fermions at different disorder strengths. The covariance curves for different
system sizes cross at approximately the same point even in the presence of on-site disorder potential. This indicates that the

MIPT persists in the presence of disorder.

3.0

FIG. 5. The 2D critical measurement strength ~. as a func-
tion of the disorder strength W. The value of 7. is obtained
by estimating the crossing point of the covariance G ap for
different system sizes. The dashed line shows a fit to the data
for W > 2 (beyond the weak disorder symmetry crossover
regime) using y. = 72 — ¢cW?. Here ¢ and 7 are fit parame-
ters, and 72 can be considered as the clean limit critical mea-
surement strength within the AIIT symmetry class, i.e., in the
absence of the additional particle-hole symmetry. This result
is consistent with the analytical prediction that the critical
measurement strength decreases linearly with the disorder-
induced decay rate yp oc W2,

supporting evidence for these conclusions: the absence
of an MIPT in 1D and the linear decrease of the critical
measurement strength with increasing disorder-induced
scattering rate.

Recently, monitoring in quasiperiodic free-fermion sys-

tem has also been studied [86-88], and an MIPT has
also been reported in 1D [86]. The quasiperiodic poten-
tial acts as a kind of structured disorder in modifying
the wave function statistics, which does not change the
symmetry class relative to the disordered case considered
here. Therefore, we expect that it shares similar long-
time, long-distance physics with the case of disordered
fermions and that the observed MIPT could also be an
artifact of finite-size effects.

Another natural next step is to ask how interactions
modify the behaviors of disordered monitored fermions
considered here. In the clean case [65, 80, 83, 89], it has
been shown that the interactions gap out some of the
Goldstone modes present in the noninteracting theory,
which are responsible for localization-like corrections that
stabilize the area law behavior of monitored fermions in
1D. The interaction-induced mass terms for these modes
cut off this “localization” correction and allow an MIPT
to emerge even in 1D [80, 83, 90]. This effect is analogous
to the dephasing of weak localization in conventional dis-
ordered systems [82, 91, 92], where interactions destroy
single-particle phase coherence and cut off weak localiza-
tion corrections, often manifested by the appearance of a
mass term in the Cooperon propagator. Given that both
clean and disordered noninteracting monitored fermions
are described by the same NLoM, we expect that inter-
actions would play a similar role in the two cases: they
generate a mass term for the soft modes in the current
theory and could enable an MIPT in 1D disordered case
as well. Detailed investigation of interacting monitored
fermions in the presence of disorder is an important di-
rection for future studies.



Note added.- Shortly after this work was posted
on arXiv, Ref. [93] appeared, independently studying
the one-dimensional case of monitored noninteracting
fermions in the presence of disordered and quasiperi-
odic potentials and reaching the same conclusion that
no MIPT occurs in one dimension.
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Appendix A: Dressed propagators for the Gaussian
fluctuations

In this appendix, we present the explicit expressions for
the Gaussian action and the dressed propagators of the
Gaussian fluctuations §¢ and §Q(0) in both the replica-
symmetric and replica-asymmetric sectors.

1. Replica-symmetric sector

The Gaussian action governing the fluctuations in the
replica-symmetric sector 6¢*) and §Q(*)(0) takes the
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form

iS(2) — o
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—RLVAE/ Jq(s
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FmdgCE " + 10000 (0 )) ,

(A1)

where

(s Kmm Km

K = [KDm KDg]

2 (7D

Ko 1) =28 (224 0010 — ).

Kpp(ek) =78 (22 40019 ~ () )

KDm(wyk) = KmD(Wa k) = TmD (*1 + 9((4), k) - d)(w)) .
(A2)

The corresponding dressed propagators for the fluctu-
ations 6¢(®) and 6Q(*)(0), governed by the action above,
are given by

(072 6a0%) =

11 1 o
RrvA. 7 (9(% k) — d(w) " Vm)
(08012 (0)) =

(s)21 11 1 Im
(09— RnvA. 4 <(9(w, k) — o(w) + ol

(6Q5X" (0)6453)

o) 1) ‘

(02, 5QUL2(0)) =
11 1
- RrvA. A \O(w, k) —

(A3)

2. Replica-asymmetric sector

In the replica-asymmetric sector, the Gaussian fluctu-
ations are further decomposed into Y™ and Y(®), corre-
sponding to the 72 components of the fluctuations §G(*)
and §Q@ (0), respectively, as well as XM and X,
which are the corresponding 7' components. They are
governed by the action



S(2a) =Sx +Sy + Sxy + Sxys + Syo,

K (w,k)

14

o TV K p(w,k)| [¢(m) & (D)
_ 7A t (m) p(D) mD\W, X
15X Y E/w,k e { {Xw kA k} 1<Dm(w7k) K/DD(ka) [ —w—k Xfw’fk} ’

iSxyyJ __217/\ / trR

nz

1Sy0 = — 7/\5/ . [1—0(w, k)] trr (jfif)_kjf(ﬁ)> )

)

where

KG9 (w,k) =72 (—1 T 40w, k)) ,

2 Ym
7+9 ak )
P <’YD (w )>

k) = K}, p(w, k) = 7m0 (-1 4+ 0(w, k).

Kpp(w.k) =~ (43)

K (w

The action Sy has the same quadratic form as Sx, upon
replacing Xm) Y(m) x® y<D> and Km)ir)L —
K.

The propagators for Y™ and V() arising from Sy in
Eq. A4 are given by

Y(m)z] Y(m)uv _ Jijuv -
< —w,—k wk > 27TZ/A€ ;5/ e(w) k') + Yen ’

(D)zg uvy Pijuw 1 1 Tm A
Voo ky“’k )= 2nvA. 7 <9(w7k) + 'VD) » (A6)
(m)ij ~,(D)uv Pij,uv 1 1
Y = = —-1].
Voomdox ) = 2nvA. 7 (Q(w,k) )

Similarly, the propagators for X (™ and X(®) arising from
Sx are

Pij,u'u 1 1 + %e(wa k)
2mvAe 29m 1 — 33=200(w, k)’

(X ey

—w,—k

(@i, Oy Pijun (10 +29m) 1 — 55355,0(w, %)
—w,— 2rvAe 270Ym 11— %27;:[)9(”7 k)’

<X(m)z.7 X(D)UU> _ }D'L'j,uv i 1-— Q(w, ]{) .
—w,—k“w,k 27TZ/AE 27,“17'7'"27;:09(%]@

(A7)
|

[w( ) ('ymffbfg? + 7037531) —[1= 0w, B)] (m XY+

(A4)

045 -

Appendix B: Alternative treatment of the Gaussian
fluctuations

In this appendix, we provide an alternative Gaussian
approximation analysis, retaining all fluctuation modes
that are massless in the measurement-only or disorder-
only theory. In particular, we include all components
of Q4 +,, including the off-diagonal in time modes with
t1 # to, which are massive in the presence of measure-
ment and decouple from all massless modes and source
fields at quadratic order. This analysis clarifies the full
structure of Gaussian fluctuations, especially the role of
the massive and nonlocal-in-time components of the @
matrix field. For completeness, we list below all propa-
gators in both sectors. The §g propagators are identical
to those in Appendix A, since dq is local in time. By con-
trast, Q) fluctuations carry additional nonlocal-in-time
structure, and their propagators reproduce those of the
time-diagonal component §Q given in Appendix A.

1. Replica-symmetric sector

The action for Gaussian fluctuations in the replica-
symmetric sector 64*) and 6Q(®) takes the form

iS) = — Ravym / / dqsoq
e Jw,k ’
(s)12 (s)21
— R?TV’}/D/ 5Q55 w,k Qafwﬁﬁk
g,w,k

~RY » [~1+0(w, k) — $(w)]

{'Ym(Sqw k + 7D 6Q28512w k + Jq(S)}

[,Ym(;q( )21k +7D5Qis_)il,e,_k 139 } 7

—w,— —UJ—

(B1)

As in the main text, we keep only those fluctuations that are massless in the measurement-only or disorder-only
limits. In the presence of both disorder and measurement, these fluctuations appear massive in their respective bare
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actions:
. 14 1
o o W e
{ q—w k%% >0 RmvA; 2 %’ + 0w, k) — p(w)’ (B2)
1 5 1
K} (9)21 5 , (58 el
(B2 1dREL p), = Rrv 73 22 4 0w, k) — d(w) °
The interaction between matrix fields 6Q*) and §¢*) leads to the following dressed propagators
s 11 1 20
5 _(s)21 5 (s)12 _ - =
(0020~ ) RavA: 5 \ O(w, k) — ¢p(w) " Ym
. ) L3 1 1 ymo (=14 0(w, k) — ¢(w))?
5 )21 5 ( 1/2 555 A B
< Qs —w,e,— Qs &l —w k> Rrv ,7D ’Ym + 9((4.} k) (b( ) + A, 72 H(W,]{i) - (b(w) 7 ( 3)

1 1 1
RavA: 4 \ O(w, k) —

<5 (S 21 6@ 5)12 > < Q(S 21 (8)12) —

e,e—w,k ewsk wk

o) 1) '

From these results, we can reproduce the propagator for the mixed modes § O in Eq. 26, which in turn determines
the average-density response function 1) (k,w).

2. Replica-asymmetric sector

The action governing the Gaussian fluctuations in the replica-asymmetric sector assumes the form

g(a) =Sx + Sy + Sxy + Sxvs+ Sy,

s == [ [ we{a2 w;[—l T )| X0 B |1 L) X0
+awmxiﬁ[ 10w, W] X i)
zSy:——// trR{vin}?{ 1+7 +0(w, k)} v kaYE‘ka{ 1+]D+9(w,k)} I
m

D
+29m Y0V [ 1+ 6w, k)] V2L _k}»
. WivZ o (m
iSxy :JFQZ?// qS(w)trR{(fmefJ’lz +p XE(Z) wk) ( Y_(w)_ DY( 3,5, k)}a
e Jw,k

. STV sq(a . > (m m
iSxys=—i2% / / trp { U {i(w) (VY + 07 2 k) + 1+ 00w, 1)) (3m XS + 10X 20 0)

ZSJ:*f// [1—6(w,k) trR(Jfﬁf)_ jq(a)

(B4)
Here we have defined, as before, X®) and YO as the #! and 72 components of (5Q(“):
X0 = (5Q@12 y 5Q@2Yy 2, YO = j(6Q12 — 5Q(@21) /2. (B5)
The Y propagators arising solely from the action Sy are given by
P;; 1 1 YD
Y(m)z] Y(m)uv _ ijuv L b
< —w,—kTwk ) 2rvA. 7 \ O(w, k) + Y )
ij uv P’L j,uv :}//72 1 YmYD ((9(&] k) B 1)2
Y(D) J Y(,D)/ — J> D (5 - ) B6
Vemwedoemor = S0, m g\ VA5 k) (B6)

(m)ij y-(D)uv Pij,uv 1 1
Y. Y = —-1].
oom¥oemor) = 50805 (9((‘;7/4)
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Similarly, the X propagators arising from the action Sx take the form

Jo
(x5 gy _ Py 1 115,000 )
ek 2mvhe 2 1 = 25000(w, k)’
~ 2
<X(D)ij X(P)fw ) = Pijuv 'Y/'Vl% , L'Yj (1—-6(w,k)) (B7)
e—w,e,—k e’ e'—w)k 2y ::7,; + 9((.4}, k’) €,€ As 2;}/ 1 WB;JDH(UJ, k) )
Pij,u'u 1 (1 — 9(0‘)7 k))

<X(m)ij X(D)uv >:

—w,—k“ e e—w,k

C27vAL 29m 1 — 000w, k)

Using these expressions for the dressed propagators, we can rederive the propagators for Y and X in Eq. 30.
The dressed propagators can then be used to obtain the connected particle density correlation function C(r,r’;¢,¢).

Appendix C: Derivation of the NLocM

In this appendix, we outline the detailed derivation of
the NLoM in Eq. 41 describing the Goldstone modes in
the current theory of monitored disordered fermions.

1. Effective action for the Goldstone modes

We first derive the action for the Goldstone modes
only, and address the renormalization effect of the mas-
sive modes and the coupling to the source field in later
sections. We start from Eq. 40, which can be rewritten
as

iSym = Trln [14+iGuR™IOR + iGpR™'v - VR,
(C1)
where G’;pl = (G‘g 14 i773).  Performing the expan-
sion of the action above, the leading order term is
i Tr [éspﬁ—laﬁz} , which after applying the saddle point

equation », _ Gop(k,e) = -1 (%’;)d 73 reduces to

i1 [GuR 07 - L (Q;)dTr [#R0R]

2\ 2w

(C2)
Here Oy = Ro7Ry! € U(2)/U(1) x U(1). The second
term in the last equality vanishes because trz(0) = 0.
We are therefore left with the first term, which is associ-

ated with the soft modes in the replica-symmetric sector.

For the term quadratic in v -V in the TrIn expansion,
d .
one can use ) _ GE(k,e)Ga(k,e) = 5= (5%)%, which

25 \ 21

1A\ 3514 5 N =145
— - () [Rtrk (FRG'0Ro ) + Tr (QuRG AR ) |

[
leads to
%Tr (G (R VR) Gy (R VR

) Falo (e o)

- (Ak>dD [RU"K [(VQO)Q] +2§[Q0] trp (VU—lvﬁ)} .

2r ) 8
(C3)
Here U = exp(i©) € SU(R) and §[Qo] is defined as
. 1 R .
glQo] = 1K {(1 + Qo) (1 - Qo)?l} . (C4)

We note that the cross term involving both VRe and
VR, vanishes because trg(©) = 0.

Similarly, the term quadratic in 9; in the Trln expan-
sion gives

%T&r [Cop (R0R) Cop (R 0R)]

_ Ay dg[QO} F-1g 7
__<27r) = trR<8tU atU).

(C5)

Here we have neglected a term quadratic in 5}7@0, as it is
of higher order in the gradient expansion than the term
in Eq. C2.

Combining all these terms, we arrive at the effective
action for the Goldstone modes U € SU(R) in the replica-
asymmetric sector and Qp € U(2)/U(1) x U(1) in the
replica-symmetric sector:

iSym = (;’;)df [trK (%37%51@7%0) - %trK [(VQAO)QH

A1 A 2
- (A’“) 919] [trR (atU—latU) + 2 trg (VU*VU)] :
27 8y d
(C6)
Here the overall factor g[Qo] in the second line leads
to the coupling between the soft modes in the replica-
asymmetric and replica-symmetric sectors. This inter-
action generates corrections that are infrared finite and
can be therefore neglected [50, 74]. As a result, one can
replace g[Qp] in the equation above by Q[Qsp] =1




2. Renormalization from massive modes

Let us now examine the renormalization effects arising
from the massive modes generated by the rotation Re =

ei@®%2/2, which acts on both ¢ and Q, as well as the
relative rotation R between them. Specifically, we now

include the massive modes generated by Re and R, and
consider fluctuations described by

Qtt',r = ﬁt,rﬁt,r%?)?é;iﬁ;ﬁétt/a Qrr = i’ymﬁt,r%gﬁ;&,

(C7)
with the unitary rotation R now given by R =
7%@724,7297%. The relative rotation R takes the same
form as R but with é, <i>, 0, and ¢ replaced by O, d, 0,
and ¢, respectively.

Substituting this parameterization into Eq. 14, we find
the quadratic in ¢ terms become

1
292y

= </2X7’;>d ’%m /m/yr {Tr {(QO (cos bt — sin‘iﬁﬁ))z}
—f Tr? [QO (cos d7! — sin @%3)] } .
(C8)

Retaining terms up to quadratic order, this yields the
bare action for the massive mode ®,

A\? .
1S = <k> Ym tI"R((I)Q).
2

/t [Tr [(Gee™")?] = f T (Ge?t)]

(C9)

The Trin term in Eq. 14, after substituting Eq. C7,
becomes
Trin {égl F i RAPR + i7D7A€7:€%37:€_17A€_1}

=Trln {1 + GpR 1 [égl,fz] +irpCsR [%3,73—1“ :
(C10)
Expanding the equation above, the leading order contri-

bution contains 7 Tr [éspfz—latfe} as before. Apart from

the usual terms in Eq. C2, the inclusion of Re in R fur-
ther generates an interaction between the massive mode
® and the soft modes Qg and U:

2\ 27

1 /Ay ¢ A .3 Aa 1 a1
-3 (%) tr [QOT}U‘R [@U 50,00 }
(C11)

1/ A\ A P .
iSe = = (’“) Tr [(R¢90R51 - Qo)RglatR@]

As before, we set 9, to its saddle point in the prefactor,
neglecting higher-order corrections from its coupling to
U and ®.
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The Trln expansion also gives rise to the bare action

for the massive modes associated with 7%,

iS5 —ivp T [éspﬁ [%3’7%’_1” + ? Tr |:(GA'SP7% [%3,7%1}>2]

A\ YoYm N 5 3
~— (;) 731 (trR[<I>2] + trg[0%] + RP? + 392) ,
e
(C12)

and their leading order interaction with the massless
mode U,

1Se2 =yp Tr {ésp (ﬁilaﬂa és"fz [%3’ 7%71} }

A\ o 2 a1 a1
——(55) 2t |00 20,0074
2 2y

The action Sy, = Se + S5 + Sc1 + Seco, describing
the massive modes and their coupling to the massless
modes, can be used to integrate out the massive modes,
yielding an effective action for the Goldstone mode U.
The resulting action has the same form as Eq. C6, second

line, except that the time derivative term <8tU_18tU ) is

renormalized by a prefactor z = 4/2vy,, consistent with
the Gaussian result in Sec. IV.

(C13)

3. Coupling to the source field

The final step in the derivation of the NLoM is to incor-
porate the coupling to the source field J, required for the
computation of the averaged-density correlation function
and particle-number cumulants. The source field enters
through the Trln term in Eq. C10:

Trin {éal F i RPR 4 inpRRPRIR — j}

:Tﬂn{l + G (7%—1[@51,7%] + mez[%?),fz—l} —k—ljﬁ)} .

(C14)

Expanding the Trln to first order yields one source-

field-dependent term, in addition to those discussed
above, and it can be expressed as

—Tr [éspﬁiljﬁ} = iSJQO + 1S58,

A A A
iS7Q, = . (k) Rtrg [Jq(s)?lQo} ;

5\ ox (C15)
i (A\?
. N A A3 2 45U
ZSJ.:}— 4 (27‘_) tTK {Qo’r }tI‘R {@j :|,
where
JU = (f]—%jq(a)f]é + U%jq(a)f]—%) ) (C16)
At second order, we have
Z'SJ&) = Z"}/D Tr {éspﬁiljkéspﬁ |:7A'd, 7%,71}]
(C17)

~ () Fmlia]



and

i1Syy =4iTr [éspﬁ_ljﬁéspﬁ,_l@ﬁ}

d . (C18)
~ (A’“> L trp [U—%atUU—%jU] .

or ) 4%

An additional quadratic-in-J term arises from the second
order expansion:

iSp0= -2 {(@spﬁjﬁ—lf]

(&) s rlros i)
(C19)

As shown above, in addition to the direct coupling to
the Goldstone modes Qp and U (S;y and Syq,), the

source field J also couples to the massive modes d and ©
(Sse and S ;4), which in turn interact with the massless
modes at quadratic order (S.; and Se2). Integrating out
these massive modes therefore renormalizes the coupling
between the source field and massless modes, as well as
the quadratic source field action in S ;9. More specifically,
combining Sy +5 ;5 with the massive mode action S,
and integrating out the massive modes, we obtain the
effective action

i5, =~ Uy {(U—éam—é " ijvﬂ -~ (c20)
Here the J-independent term renormalizes the Goldstone
action Sy, in the replica-asymmetric sector by an over-
all factor z in the 0;-dependent term, as explained in
Sec. C2. The remaining terms provide the same renor-
malization factor z in both the source-massless coupling
(S;v) and the JY dependent term in the source field
action Sjg. Combining all terms and including all these
renormalization effects, we arrive at the NLoM in Eq. 41.

Appendix D: Numerical Method

We simulate the monitored dynamics using quantum
projection dynamics (QPD), a discrete measurement
scheme that is equivalent to the continuous monitoring
used in the analytical treatment. We use QPD rather
than quantum state diffusion [40] because the projective
updates admit an efficient rank-1 reorthonormalization
scheme discussed in the following.

The numerical algorithm is summarized as follows,

1. Start with the initial wave function ¥, which is
represented with a N x N/2 matrix.

2. At time t, we have the wave function ¥;, and we
perform time evolution Wy, 5 = e~ Hty,  Here we
use fixed 6t = 1/(N~). The time evolution is eval-
uated with Chebyshev expansion (discussed in de-
tail below), which is highly efficient and expanded
to order with machine precision.
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3. Quantum projection at site k, which is randomly
selected across the system with equal probability
for all the sites. At the picked site k, density mea-
surement is performed and there are two possible
outcomes: ny =1 (on) and ny = 0 (off), occurring
with probability P, = (nj) and 1 — Py , respec-
tively. The wave function update can be written as
U = U+ vt with  and v being N x 1 and N/2x 1
column vectors, respectively,

Sik _ Z]' \I/ijlpkj on,

(ng) (nk)
_5ik off .

_ *
Uj —ij.

4. Reorthonormalization of ¥’.
5. Repeat 2-4 until convergence criteria are met.
6. Calculate physical observables.

For projecting on, the measured site is projected to
unit occupation and decouples from the other sites;
for projecting off, its occupation is projected off. The
project-on operation defined in Eq. (D1) is identical to
the quantum jump operation discussed in, e.g. Ref. [40],
where the jump operation is performed on the correla-
tion matrix and orthonormality is restored via SVD de-
composition. Here, we instead work with the wave func-
tions directly. For the project-on outcome, the resulting
wave function remains exact column orthonormal, and no
subsequent SVD or QR decomposition is required. For
the project-off outcome, the reorthonormalization is per-
formed with the rank-1 polar update scheme discussed
below. The rank-1 method is much more efficient than
QR or SVD, especially on modern hardware with high-
bandwidth memory, e.g. GPUs.

1. Chebyshev time evolution

We employ Chebyshev expansion of the evolution op-
erator e “HA! for the unitary evolution between quan-
tum projections. The Chebyshev time evolution is nu-
merically stable, highly accurate, and efficient for sparse
Hamiltonians. The time evolution operator can be ex-
pressed as

iBt t n t ~
Ut)=e™ | Jo (a> +2§1( )" I (a> T, (H)
(D3)
Here the Hamiltonian is rescaled with H=aH+ B so
that the spectrum of H falls in the range (—1, 1), where
Chebyshev expansion is convergent. J,(x) is the Bessel

function of the first kind (not to be confused with the
source field), and T, (x) is the Chebyshev polynomial of



the first kind. Thus, we have

[(t + At)) = U (At) [¢:(1))

= () )+ 262 i (5 )
(D)
Here the |1h,(t)) is given by
[n(8)) =T (H) [9(2)) - (D5)

When the Hamiltonian is sparse, the operation can be
performed very efficiently, especially on modern GPUs
with high bandwidth memory.

The |¢,) can be obtained iteratively with recurrence
relation,

|0)
1)

[ () -
IZI|¢0> )

(D6)

|¢n+1> = 2FI |wn> - |wn—1> .

The Chebyshev expansion of the evolution operator con-
verge rapidly because, at fixed argument, the Bessel func-
tion J,(z) falls to 0 superexponentially with n,

Jy (z) ~ 0<|zl<vVrv+1. (D7)

o ()

Therefore, only a small number of Chebyshev polynomi-
als are required for accurate evaluation of U (t).

The upper bound of the error with cutoff at order M
can be estimated via

A= |<¢exact (At) |wexact (At) - wCheb (At)>|

2 S (i (2) e ()16

n=M+1
> t
<2 In | —
> 1 (2)
M
2 (Y ey
Mm \ 2a '

n=M+1
The error vanishes with M faster than exponential func-
tion, and machine precision can be achieved with small
M when the measurement time step is small.

(D8)

2. Rank-1 polar reorthonormalization

The orthonormalization of the wave function is usually
restored either with QR decomposition of wave function
¥ or SVD of the correlation matrix D. The projection
operation discussed in this manuscript is effective rank-1
and we can then perform the rank-1 polar update to re-
store orthonormality. The rank-1 update gives the same
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occupied subspace as the full SVD, at much lower com-
putational cost. The rank-1 polar update is as follows,
1. Project the perturbation

(a) U =V +uvt and w = ¥y
2. Build 2D orthonormal basis

(a) v =v/|[v]|
(b) wy =w— (viw)vl

(d) Basis matrix V = [v;  vg]
() a1 = viw and ay = ||w, ||

3. Formulate the metric tensor Y

Y—[YH YlQ],

Yo1 Yoo
with
Yin = 14 2R (au [[o]]) + |Jul* [Jo]* ,
Yiz = oz [Jv]] (DY)
Ya1 = az [Jv]]
Yoo =1.
4. Analytical inverse square root (Z = Y*%)
7 — 1 Y ts Yo
s-t| Y Yii+s
with
s=VdetY, (D10)
t=+vTrY 4+ 2s. (D11)
5. Rotation-aware matrix update
imitary =V+ (\IJVAZ + W) VT )
with AZ =7 — I and W = |[||v]| Z11  ||v]| Z12])-

For the project-off case, the rank-1 polar update can
be further simplified as,

imitary =V+ uOff,UT? (D12)
where
1— -1/2 1 k
Uoff = 1= ) - (D13)

with (ny) being the fermion density at site k before pro-
jection. It can be shown that W ... is column orthonor-
mal and no further QR or SVD decomposition is required.
In the numerical simulation, we periodically (every 100
projections) re-orthonormalize the state with Newton-
Schulz method to reduce the accumulating numerical er-

rors.
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