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Measurement-induced phase transitions are nonequilibrium transitions between phases character-
ized by distinct entanglement scaling behaviors, driven by the competition between unitary dynamics
and measurements. Despite recent numerical efforts, how quenched disorder affects these transitions
remains unclear. In this work, we study a d-dimensional noninteracting fermionic system subject
to both quenched disorder and continuous monitoring of the local particle density, and derive an
effective field theory describing its long-time universal behaviors. We find that the system is gov-
erned by the same nonlinear sigma model as in the case of clean monitored fermions, with disorder
entering only through a modification of model parameters. This result suggests that the presence or
absence of a measurement-induced phase transition is unaffected by the introduction of disorder. In
spatial dimension d = 1, the system exhibits only an area law phase and no transition, whereas in
d > 1, a transition persists between an area×log law phase and an area law phase, with the critical
measurement rate suppressed by disorder. Numerical simulation confirms the absence of MIPT in
d = 1, and the linear shift of the critical measurement rate by disorder scattering rate in higher
dimensions predicted by analytical theory.

I. INTRODUCTION

Measurement-induced phases and phase transitions
(MIPTs) have attracted significant attention from both
the condensed matter and quantum information commu-
nities in recent years. These phenomena not only deepen
our fundamental understanding of information and en-
tanglement dynamics driven by the competition between
unitary scrambling and local measurements, but they are
also highly relevant to quantum computation, as quan-
tum error correction and coupling to the environment in-
evitably introduce effective measurement-like nonunitary
dynamics.

MIPTs were first extensively investigated in random
quantum circuits [1–37], where a transition between
volume-law and area-law entanglement phases occurs at
a critical measurement rate. More recently, this research
has been extended to various other platforms, including
complex fermions with U(1) charge conservation [38–62],
Majorana fermions [51, 63–65], free bosons [66], and dis-
ordered systems [67–71]. For complex fermions in one
dimension, the field was initially divided, with a group of
investigations concluding that there existed a phase tran-
sition from a logarithmic phase, scaling with log ℓ, where
ℓ denotes the size of a subsystem, to the area law phase
[41, 42, 47], and another stating that no genuine phase
transition existed [38, 49, 58]. It was later discovered
that monitored free fermions can be mapped to a Keldysh
nonlinear sigma model (NLσM) [50, 51]. This NLσM has
the same structure as the one governing the Anderson lo-
calization transition [72], but is evaluated at a different
replica limit (R → 1 instead of R → 0). A renormal-
ization group (RG) analysis of this NLσM reveals that
no genuine phase transition for 1D free fermions survives
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in the asymptotic limit ℓ → ∞ [50]. Instead, the inter-
mediate scale logarithmic entanglement entropy actually
saturates at the correlation length, where it gives way to
strictly area-law entanglement. This analytical predic-
tion was further corroborated by careful numerical cal-
culations reaching much larger system sizes [59]. Further
analytical and numerical studies confirm that the MIPT
of free complex fermions only occurs in higher dimen-
sions (d ≥ 2), where a phase transition exists between a
area×log law ℓd−1 log ℓ, and the area law phase [59, 73–
75].

Realistic physical systems are rarely completely clean;
rather, ubiquitous quenched disorder significantly alters
the wave functions of fermionic systems, driving Ander-
son localization in low dimensions or at strong disorder
strengths [72, 76]. In static free fermion systems with
quenched disorder, it is well established that the entan-
glement entropy obeys an area law, even in the weak dis-
order delocalized phase [77]. However, previous studies
have shown that local measurements can introduce de-
localization corrections for dirty fermions [67], and even
stabilize the critical phase and the associated MIPT in
1D free fermions [68]. Therefore, it is very interesting to
further investigate the interplay between measurement
and disorder to determine the ultimate fate of MIPTs
in fermionic systems. Additionally, the quantum correc-
tions responsible for the absence (presence) of an MIPT
for monitored fermions in d = 1 (d > 1) are similar to
the weak localization corrections in static disordered sys-
tems, with both described by analogous NLσM. Disor-
dered and monitored systems thus provides a rich arena
to explore these closely related but phenomenologically
different effects.

In this work, we develop a two-matrix field the-
ory within the replica Keldysh formalism to describe a
monitored disordered system of noninteracting fermions,
with a local-in-time matrix field q̂t capturing the ef-
fect of continuous monitoring, and a bilocal-in-time ma-
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trix field Q̂tt′ capturing the effect of disorder. We find
that the Goldstone modes, governing the universal long-
time, long-distance behavior of the system, is gener-
ated by applying the same local-in-time unitary rotation
in replica and Keldysh spaces to the saddle points of
both fields. The allowed local-in-time rotations are re-
stricted to the same subset that generates soft modes in
the measurement-only (clean monitored) theory. Con-
sequently, the Goldstone fluctuations are described by
an NLσM with the same structure and the same target
manifold as in the measurement-only theory, but with
parameters modified by disorder. Specifically, the stiff-
ness λ changes from λ ∝ 1/γm in the measurement-only
theory to λ ∝ 1/γ̃, where γ̃ = γm + γD is the total decay
rate including both the disorder-induced elastic scatter-
ing rate γD and the measurement-induced decay rate γm.

By contrast, the remaining fluctuations that are mass-
less in the disorder-only or measurement-only theory
now become massive in the presence of both disorder
and measurement, and can be separated into three cat-
egories with different origins. First, fluctuations gener-
ated by applying the same local-in-time rotation to both
q̂ and Q̂ are massive if that rotation do not belong to
the measurement-only Goldstone manifold. Second, rel-
ative local-in-time rotations of q̂ and Q̂, in which the
two fields are rotated by different local-in-time unitaries,
also acquire a finite mass once measurement and disor-
der are both present. These first two types of massive
modes are local in time, and when integrated out lead to
a renormalization of NLσM parameters. In particular,
they generate the factor z = γ̃/2γm that renormalizes
the temporal gradient and source terms in the replica-
asymmetric sector of the NLσM. Third, a separate class
of massive fluctuations originates from nonlocal-in-time
rotations of Q̂, which are soft in the disorder-only the-
ory but become massive in the presence of measurement.
At the quadratic order, they decouple from the local-in-
time Goldstone modes, and can be ignored away from
the limit γm/γD ≪ 1 where their mass becomes small.
As a result, in the regime of weak disorder and measure-
ment strengths (when both γm, γD are much smaller than
the characteristic kinetic energy scale), and away from
the disorder dominated limit γm/γD ≪ 1, the low-energy
dynamics is governed entirely by the local-in-time Gold-
stone modes. The resulting NLσM has the same form
as in the measurement-only theory, with disorder only
modifying its parameters.

The fact that the quenched disorder leave the form
of the NLσM unchanged and enter only through the
modification of parameters imply that it does not affect
the presence or absence of a measurement-induced phase
transition. In d = 1, the measurement-induced phase
transition remains absent, whereas for d > 1 a transition
between critical and area-law phases persists, but with
a shifted critical measurement rate. In particular, since
the introduction of disorder changes the stiffness of the
NLσM from 1/γm to 1/(γm+γD), it suppresses the critical
measurement rate in d > 1. Our numerical simulations

support these sigma-model predictions. Specifically, our
1D results demonstrate that disorder does not stabilize
the MIPT in 1D. Instead, there is no genuine MIPT in
disordered 1D fermions, in contrast to previous numeri-
cal claims based on small system sizes [68, 71]. Our 2D
results confirm that the MIPT persists in the presence
of disorder potential and that the critical measurement
rate γcm decreases linearly with increasing γD, consistent
with the analytical prediction.
The rest of the paper is organized as follows. In Sec. II,

we introduce the theoretical background and formulate
the replica Keldysh framework for the monitored dis-
ordered fermions. In Sec. III, we derive a two-matrix
field theory and perform a saddle-point analysis. In
Sec. IV, we investigate Gaussian fluctuations around the
saddle point configuration in both the replica-symmetric
and replica-asymmetric sectors and evaluate the averaged
density response function as well as the second cumulant
of the number of particles in a subsystem, from which the
entanglement entropy can be extracted within the Gaus-
sian approximation. In Sec. V, we derive the NLσM that
describes the Goldstone modes governing the long-time
behavior of entanglement entropy and charge fluctuations
in the weak measurement and weak disorder regime. We
show that this effective theory coincides with that of the
measurement-only case after a replacement of parame-
ters. In Sec. VI, we present numerical evidence support-
ing our analytical findings, demonstrating the absence
(presence) of an MIPT in 1D (2D), as in the clean case.
We further show that in 2D, disorder shifts the MIPT
to a lower critical measurement strength, with the crit-
ical γm decreasing linearly with increasing γD. Finally,
in Sec. VII, we summarize the main results and discuss
possible future directions. Additional technical details
are provided in the Appendices. Appendix A presents
the explicit expressions for the dressed propagators of
local-in-time Gaussian fluctuations, while Appendix B
extends the analysis to include massive bilocal-in-time
fluctuations. Further details of the NLσM derivation are
provided in Appendix C, while the numerical approach
is discussed in Appendix D.

II. MODEL AND REPLICA KELDYSH
FRAMEWORK

We consider a d-dimensional system of noninteracting
fermions subject to both quenched disorder and contin-
uous monitoring of the local particle density nr. The
dynamics over a time interval δt consists of (1) the

unitary evolution e−iĤδt generated by the Hamiltonian
Ĥ = Ĥ0+Ĥdis, where Ĥ0 represents the hopping between
different sites and Ĥdis denotes a static on-site disorder
potential, and (2) the weak measurement of the local
particle density described by a set of Kraus operators:

K̂mr = Nmr exp

(
−κδt

2
(n̂r −mr)

2

)
. (1)



3

Here κ denotes the measurement strength, mr is the ran-
dom measurement outcome at site r. The probability
of observing a given outcome is determined by the Born

rule [78] Pmr = Tr
(
K̂mr ρ̂K̂

†
mr

)
, where ρ̂ is the density

matrix right before the measurement. The normaliza-
tion constantNmr is chosen to meet the positive-operator

valued measure (POVM) condition,
∑

mr
K̂†

mr
K̂mr = 1.

Combining the unitary time evolution and measurement,
the density matrix ρ̂ evolves according to

ρ̂(t+ δt) =
ˆ̃ρ(t+ δt)

Tr
[
ˆ̃ρ(t+ δt)

] ,
ˆ̃ρ(t+ δt) =

(∏
r

K̂mr,t

)
e−iĤδtρ̂(t)e+iĤδt

(∏
r

K̂†
mr,t

)
,

(2)

where ˆ̃ρ denotes the unnormalized post-measurement
density matrix, and mr,t represents the measurement
outcome at site r and time t.

In the continuum limit, the long-time behavior of the
system, after averaging over quantum trajectories and
disorder realizations, is described by the following replica
Keldysh path integral

Z[J ] =

∫
D(ψ̄, ψ)eiS0+iSV +iSJ ,

S0 =

∫
t,t′,r,r′

R∑
j=1

ψ̄j
r,tĜ

−1
0 (r, r′; t, t′)ψj

r′,t′ ,

SV =

∫
t,r

R∑
j=1

(−Vdis(r)nq,jr,t + iVmeas(r, t)n
cl,j
r,t ),

SJ =−
∫
t,r

R∑
j=1

(
Jq,j
r,t n

cl,j
r,t + Jcl,j

r,t n
q,j
r,t

)
.

(3)

Here ψa,j
r,t carries both a replica index j = 1, 2, ...R, to-

gether with a Keldysh index a = +(−) corresponding
to the forward (backward) Keldysh branch. ncl/q is the
classical/quantum component of the particle density, and
is defined as

n
cl/q
r,t = n+r,t ± n−

r,t, nar,t = ψ̄a
r,tψ

a
r,t, a = ±. (4)

We have used the short-hand notation
∫
r
=
∫
ddr and∫

t
=
∫ tf
−∞ dt, where the final time is set to tf = 0, by

which the system has reached the dynamical steady state
whose properties are studied.

The action S0 describes the unitary time evolution of
noninteracting fermions in the absence of disorder and
measurement. The corresponding bare Green’s func-
tion G0 is given by: G−1

0 = i∂t − ξ(−i∇), where ξ(k)
denotes the single-particle kinetic energy. The action
SV accounts for the effects of the static disorder po-
tential Vdis(r) and the continuous monitoring encoded
by the effective measurement noise Vmeas(r, t), which

can be viewed as the continuum limit of measurement
outcomes. Relative to previous field-theoretical studies
of clean monitored fermions [50, 73, 74], the essential
new ingredient of the present theory is the inclusion of
the static disorder potential Vdis(r). Both Vdis(r) and
Vmeas(r, t) are taken to be Gaussian with zero mean and
variances

Vdis(r)Vdis(r′) = δ(r− r′)/(2πντel),

Vmeas(r, t)Vmeas(r′, t′) = g2δ(r− r′)δ(t− t′),
(5)

where g2 ∝ κ characterizes the measurement strength,
τel represents the elastic scattering time due to static
impurities, and ν is the density of states of the underlying
(unmonitored) system. The overline here, and in the
first line of Eq. 3, represents averaging over Vdis(r) and
Vmeas(r, t).
We also introduce a source term SJ to study the full

counting statistics of particle number and the entangle-
ment properties. By taking the functional derivatives of
Z[J ] in Eq. 3 with respect to the source field J , whose
quantum (classical) component Jq/cl couples to the classi-
cal (quantum) component of local particle density ncl/q,
we obtain correlation functions of the particle density
and, consequently, the particle number cumulants.
For our system prepared in a Gaussian initial state,

the particle number cumulants determine the von Neu-
mann entanglement entropy SA between a subsystem A
and the rest of the system via the Klich and Levitov for-
malism [79]:

SA = −Tr(ρ̂A ln ρ̂A) =

∞∑
q=1

2ζ(2q)C
(2q)
A . (6)

Here ρ̂A is the reduced density matrix for subsystem A,

and C
(m)
A is the m-th cumulant of the total particle num-

ber in this subsystem, N̂A =
∑

r∈A n̂r. The expansion

in Eq. 6 is dominated by the leading term SA ≈ π2

3 C
(2)
A ,

in monitored free fermionic systems with weak measure-
ment strength [50, 74] and also in weakly disordered sys-
tems [77].
Since this relation between the entanglement entropy

SA and the particle-number cumulants C
(m)
A holds for in-

dividual quantum measurement trajectories and fixed im-
purity potential configurations, it directly carries over to
quantities averaged over both quantum trajectories and
disorder realizations — the primary focus of this work.
The quantum trajectory averaging can be performed us-
ing the replica trick. In particular, the averaged n-replica
of the normalized density matrix, required for the eval-
uation of the averaged n-th particle-number cumulant,
can be obtained from

ρ̂⊗n =
∑
γ

Tr1−n(ˆ̃ργ)ˆ̃ρ
⊗n
γ = lim

R→1
Trr=n+1,...,R

∑
γ

⊗R
r=1

ˆ̃ρ(r)γ .

(7)

Here the overline represents averaging over quantum tra-
jectories labeled by subscript γ, each corresponding to a
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specific sequence of measurement outcomes {mr,t} and
weighted by its Born rule probability. This Born rule
weighting generates an additional factor of Tr(ˆ̃ργ) in the
first equality. In the last equality, the first n replicas gen-
erate ˆ̃ρ⊗n, while tracing over the remaining R−n replicas
produces TrR−n(ˆ̃ρ). Analytic continuation to the R→ 1
limit then reproduces the quantum trajectory averaged
n-replica normalized density matrix. While the replica
trick is also widely used for quenched disorder averag-
ing, involving R → 0 as opposed to R → 1 limit, in our
framework disorder averaging is handled directly within
this replicated Keldysh framework and requires no addi-
tional replica structure.

Starting from Eq. 3, we then apply the standard
Larkin-Ovchinnikov rotation

ψ → τ̂3ULOψ, ψ̄ → ψ̄U†
LO, ULO = (1 + iτ̂2)/

√
2, (8)

with τ̂ being the Pauli matrix in the Keldysh space. Af-
ter the transformation, the bare Green’s function in the
Keldysh space becomes

G−1
0 (ω,k) =

(
ω − ξk + iη 2iηF0(ω)

0 ω − ξk − iη

)
. (9)

F0(ω) is the initial fermionic Keldysh distribution func-
tion and η → 0+ is a positive infinitesimal. The rotation
also brings ncl/q = n+ ± n− to the forms

ncl,jr,t = ψ̄j
r,tτ̂

1ψj
r,t, nq,jr,t = ψ̄j

r,tψ
j
r,t. (10)

III. EFFECTIVE TWO-MATRIX FIELD
THEORY

A. Hubbard-Stratonovich transformation

The averaging over quantum trajectories and disorder
realizations is carried out by averaging over Vmeas(r, t)
and Vdis(r), respectively, both of which are Gaussian dis-
tributed with the variances given by Eq. 5. This leads to
two effective interactions with different time structures:

iSave = ln
(
eiSV

)
,

=− 1

4πντel

∫
t,t′,r

R∑
i,j=1

nq,ir,tn
q,j
r,t′ +

g2

2

∫
t,r

R∑
i,j=1

ncl,ir,t n
cl,j
r,t .

(11)
The first term (iSave1), generated by disorder averaging,
is nonlocal in time due to the static nature of the im-
purity potential. In contrast, the second term (iSave2),
originating from measurement-noise averaging, is local
in time because Vmeas is δ-correlated in time. Hubbard-
Stratonovich decouplings are then applied separately to
these two interaction terms using two auxiliary matrix
fields: a bilocal-in-time matrix field Qtt′ for Save1 and a

local-in-time matrix field qt for Save2. The different time
structure of the two matrix fields is determined by that
of the interactions they decouple.

For the disorder-averaging generated interaction Save1,
we decouple in the diffuson channel with the bilocal field
Q:

eiSave1 =

∫
DQ exp

{
− πν

4τel

∫
t,t′,r

Tr(Q̂tt′,rQ̂t′t,r)

− 1

2τel

∫
t,t′,r

ψ̄t,rQ̂tt′,rψt′,r

}
.

(12)

Note that we ignore the decoupling in the Cooperon chan-
nel, as we expect that the measurement breaks time-
reversal symmetry and destroys the phase coherence be-
tween time-reversed paths. This measurement-induced
dephasing effect appears as a mass term in the Cooperon,
and suppresses the contribution of the Cooperon to the
long-time physics.

The interaction Save2 generated by measurement noise
averaging admits both an exchange decoupling channel
and a direct decoupling channel [73]. Both channels con-
tribute, and their relative weight f is fixed by the causal
structure of the saddle point (see Sec. III B) and the U(1)
Ward identity [80]. This leads to

eiSave2 =

∫
Dq exp

{
+i

∫
t,r

ψ̄t,r

[
q̂t,r − f τ̂1 Tr (q̂t,rτ̂

1)
]
ψt,r

− 1

2g2αf

∫
t,r

[
Tr
[
(q̂t,rτ̂

1)2
]
− f Tr2 (q̂t,rτ̂

1)
]}

,

(13)
where αf = 1/(f + 1).

Combining both decouplings and integrating out the
fermions, we arrive at an effective two-matrix theory:

Z[J ] =

∫
DQDq exp(iS),

iS =Tr ln

[
Ĝ−1

0 + q̂ − f τ̂1 Tr(q̂τ̂1) +
i

2τel
Q̂− Ĵ

]
− 1

2g2αf

∫
t,r

[
Tr
[
(q̂t,rτ̂

1)2
]
− f Tr2 (q̂t,rτ̂

1)
]

− πν

4τel

∫
t,t′,r

Tr
(
Q̂t′t,rQ̂tt′,r

)
.

(14)

Here Qab,ij
tt′,r is a matrix in the Keldysh (a, b), replica

(i, j), and time (t, t′) space, while qab,ijt,r is a matrix in
the Keldysh and replica spaces but is local in time. The
source matrix Ĵ = Ĵ cl + Ĵ qτ̂1 is diagonal in the replica
and time space, with matrix elements (J q/cl)ijtt′(r) =

Jq/cl,i(r, t)δijδtt′ . We note that without disorder the Q̂
field is absent, and the above equation reduces to the
action of clean monitored fermions [80]. Without the
measurement the q̂ field is absent, and it reduces to the
standard theory of static disorder [81, 82].
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B. Saddle point

Taking the variation of the action in Eq. 14 with re-
spect to q̂ and Q̂, separately, while setting the source field
J to zero, we obtain the saddle point equations:

1

g2αf

[
τ̂1q̂spτ̂

1 − f τ̂1Tr
(
q̂spτ̂

1
)]

|t,r

=
[
Ĝsp − f τ̂1Tr

(
Ĝspτ̂

1
)] ∣∣

(t,t;r,r)
,

(15a)

Q̂sp(t, t
′; r) =

i

πν
Ĝsp(t, t

′; r, r), (15b)

where

Ĝsp ≡
[
G−1

0 + q̂sp − f τ̂1Tr
(
q̂spτ̂

1
)
+

i

2τel
Q̂sp

]−1

. (16)

We use a saddle point ansatz in which both Q̂sp and
q̂sp are diagonal in replica space, spatially uniform, and
time translationally invariant. For simplicity, we focus on
the half-filling case (

∫
ε
F0(ε) = 0), since the filling factor

has been shown not to qualitatively affect the monitored
dynamics [50, 80]. The saddle points Q̂sp and q̂sp are
then diagonal in Keldysh space and assume the form

q̂sp(ω,k) = iγmτ̂
3δω,0δk,0, Q̂sp(ε, ε

′;k) = τ̂3δε,ε′δk,0.
(17)

Here γm = g2R
2(1+R)

(
Λk

2π

)d
is the decay rate induced

by measurement, with Λk being the ultraviolet mo-
mentum cutoff. It is the measurement counterpart of
the impurity-induced decay rate (elastic scattering rate)
γD = 1/2τel.

We note that the relative decoupling weight is set
to f = 1/R by preserving the causal structure of the
fermionic Green’s function (in particular the vanishing
of the “anti-Keldysh” (qq) component). This choice also
ensures the U(1) Ward identity [80] and reduces to a
symmetric decoupling [73] in the limit R→ 1. Once f is
determined, the retarded and advanced (clq and qcl) com-
ponents of the saddle points follow from a self-consistent
equation as in conventional disorder problem [81], while
the Keldysh (clcl) component is determined by the par-
ticle density at the saddle point and vanish at half fill-
ing [80].

This vanishing Keldysh components of both saddle
points Q̂sp and q̂sp reflect the measurement-induced heat-
ing to an infinite temperature steady state [50, 74, 80].
This is in contrast to the conventional disordered saddle
point for Q̂, whose Keldysh component is nonvanishing
and set by the equilibrium fermionic Keldysh distribu-
tion function through the fluctuation-dissipation theo-
rem [81, 82]. Inserting the saddle point solutions into
Eq. 16, one can see that the disorder- and measurement-
induced decay rates enter the saddle point Green’s func-
tion Ĝsp on equal footing, leading to a total decay rate
γ̃ = γm + γD.

IV. GAUSSIAN APPROXIMATION

To analyze the effective theory of monitored disordered
fermions in Eq. 14, we begin by examining the Gaussian
fluctuations around the saddle points. In the limit of
weak measurement and disorder strengths γm, γD → 0,
the dominant contributions arise from the Gaussian fluc-
tuations δq̂ = (q̂− q̂sp)/(iγm) and δQ̂ = Q̂−Q̂sp, governed
by the action

iS(2) =
1

2
πνγm

∫
ε

∫
ω,k

trR
(
δq̄12ω,kδq̄

12
−ω,−k + δq̄21ω,kδq̄

21
−ω,−k

)
− πν

2R
γm

∫
ε

∫
ω,k

trR
(
δq̄12ω,k + δq̄21ω,k

)
trR

(
δq̄12−ω,−k + δq̄21−ω,−k

)
− πνγD

∫
ε,ω,k

trR
(
δQ12

ε,ε−ω;kδQ
21
ε−ω,ε;−k

)
− πν

γ̃

∫
ε,ω,k

[−1 + θ(ω, k)− ϕ(ω)]

× trR

{[
γmδq̄

12
ω,k + γDδQ

12
ε,ε−ω;k + iJ q

ω,k

]
×
[
γmδq̄

21
−ω,−k + γDδQ

21
ε−ω,ε;−k + iJ q

−ω,−k

]}
.

(18)
Here, for convenience, we have applied the transforma-
tion:

ˆ̄q = q̂ − f τ̂1 Tr(q̂τ̂1), δ ˆ̄q = (ˆ̄q − ˆ̄qsp)/(iγm). (19)

θ and ϕ are defined as

θ(ω, k) =
v2k2

4dγ̃2
+

ω2

4γ̃2
, ϕ(ω) =

iω

2γ̃
, (20)

where v stands for the root-mean-square band velocity.
We focus on the fluctuation δQ̂12/21 and δ ˆ̄q12/21 that

are massless in the disorder-only (disordered unmoni-
tored) and measurement-only (clean monitored) theories.
In the presence of both disorder and measurement, these
modes acquire masses at the bare Gaussian level. How-
ever, once the coupling between the δ ˆ̄q and δQ̂ is taken
into account, a massless mode emerges corresponding to
a particular linear combination of these two fields, as
we show below. By contrast, the Gaussian fluctuations
δq̄11/22 and δQ̂11/22 are massive in the measurement-only
and disorder-only cases, and they remain massive when
both are present. These massive modes do not contribute
to the long-time physics and are therefore not included
in our analysis.
Note that the bilocal field δQ̂ε,ε−ω carries an extra

frequency index relative to the local field δ ˆ̄qω. To handle
this, we introduce a Fourier transform with respect to the
center frequency ε, δQ̂ω,k(∆t) = Λ−1

ε

∫
ε
δQ̂ε,ε−ω;ke

−iε∆t,

with Λε =
∫
ε
= 1

2πν

(
Λk

2π

)d
. Here ∆t is the relative time

in δQ̂t+∆t,t, so ∆t = 0 is the time-diagonal component.
at quadratic order, the nonlocal-in-time components with
∆t ̸= 0 are decoupled from the local-in-time component
∆t = 0 as well as δ ˆ̄q and Ĵ , because the latter are all local
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in time. We therefore ignore the ∆t ̸= 0 components in
our Gaussian analysis. Appendix B provides a complete
treatment retaining all modes, including the nonlocal-in-
time components of δQ̂, which yields the same results.
We then decompose the fields into replica-symmetric

(s) and replica-asymmetric (a) components:

Â(s) =
1R

R
trR Â, Â(a) = Â− Â(s), Â = δ ˆ̄q, δQ̂, Ĵ .

(21)

Here trR and 1R denote the trace and identity matrix in
the replica space, respectively. The source field’s replica-
symmetric and replica-asymmetric components J (s) and
J (a) couple separately to the particle density components

in the corresponding sectors defined as n(s) =
∑R

i n
i/R,

and n(a)i = ni − n(s) (see SJ in Eq. 3). J (s/a) is defined
analogously and corresponds to the diagonal matrix el-
ement of the matrix Ĵ (s/a). At the Gaussian level, the
replica-symmetric and replica-asymmetric sectors decou-
ple and can be analyzed independently.

The replica-symmetric sector determines the average-
density response function, which describes the response
of the average density to an external field,

Π(s)ab(k, ω) =
δn

a(s)
ω,k

δJ
b̄(s)
ω,k

∣∣∣∣∣
J=0

= −iR ⟨na(s)
ω,k n

b(s)
−ω,−k⟩

=
i

R

δ2Z[J ]

δJ
ā(s)
−ω,−kδJ

b̄(s)
ω,k

∣∣∣∣∣
J=0

, a, b = cl, q.

(22)

Here ā denotes the complementary Keldysh index defined
by c̄l = q, q̄ = cl.
In contrast, the connected two-point density correla-

tion function

C(r, r′; t, t′) = ⟨n̂r,tn̂r′,t′⟩ − ⟨n̂r,t⟩ ⟨n̂r′,t′⟩, (23)

is determined by the replica-asymmetric sector. Specif-
ically, the first and second terms in the equation above
correspond, respectively, to the replica-diagonal (i = j)
and off-diagonal (i ̸= j) components of the density

correlation function ⟨ncl,ir,tn
cl,j
r′,t′⟩. Combining these two

parts shows that C(r, r′; t, t′) reduces to the replica-
asymmetric sector correlator and can be obtained from

C(r, r′; t, t′) =
1

R− 1

∑
i

〈
n
cl(a),i
r,t n

cl(a),i
r′,t′

〉
=− 1

R− 1

∑
i

δ2Z[J ]

δJ
q(a),i
r,t δJ

q(a),i
r′,t′

∣∣∣∣
J=0

.

(24)

Once C(r, r′; t, t′) is known, the second cumulant of the
particle number in the subsystem A is determined by

C
(2)
A (tf ) =

∫
r,r′∈A

C(r, r′; tf , tf ) and the associated en-

tanglement entropy is given by SA = π2

3 C
(2)
A within the

Gaussian approximation.

A. Replica-symmetric sector: Physical density
response

The Gaussian action for the replica-symmetric fluctua-
tions δ ˆ̄q(s) and δQ̂(s)(0) is given in Appendix A (Eq. A1),
and it shows that the source field J (s) couples to these
two fields only through the linear combination

δQ̂+(s)
ω,k = γmδ ˆ̄q

(s)
ω,k + γDδQ̂(s)

ω,k(0). (25)

whose propagator is

⟨δQ+(s)21
−ω,−kδQ

+(s)12
ω,k ⟩ = γ̃

RπνΛε

1

θ(ω, k)− ϕ(ω)
. (26)

While δ ˆ̄q(s) and δQ̂(s)(0) are separately massive (see Ap-
pendix A for the explicit expressions of their dressed
propagators), their linear combination δQ̂+(s) is mass-
less. Its propagator identical to that of γmδ ˆ̄q

(s) in the
measurement-only theory, except that the measurement-
induced decay rate γm now replaced by the total decay
rate γ̃.
Using Eq. 22, it is easy to see that the average-density

response function Π(s)ab has only a single non-vanishing
component—the Keldysh component Π(s)K ≡ Π(s)cl,cl

determined by the propagator of δQ̂+(s). In the low
energy limit (ω, vk ≪ γ̃), Π(s)K(ω,k) takes the usual
diffusive form

iΠ(s)K(ω,k) =

2πνΛε

γ̃ θ(ω, k)

θ2(ω, k)− ϕ2(ω)
≃
(
Λk

2π

)d
2Dk2

(Dk2)2 + ω2
,

(27)
with the diffusion constant D determined by the total
decay rate γ̃, D ≡ v2/(2dγ̃). This result has the same
form as in the clean monitored theory, with disorder en-
tering only through the replacement γm → γ̃ (equiva-
lently, a modification of the diffusion constant D). It
also confirms the Ward identity for charge conservation
Π(s)K(ω,k → 0) = 0 [80].

B. Replica-asymmetric sector: Entanglement
entropy

In the replica-asymmetric sector, we further decom-
pose the fluctuations δ ˆ̄q(a) (δQ̂(a)(0)) into its τ̂1 and τ̂2

components, denoted by X̂(m) (X̂ (D)) and Ŷ (m) (Ŷ(D)),
respectively. More specifically, we have

X̂(m) = (δ ˆ̄q(a)12 + δ ˆ̄q(a)21)/2,

Ŷ (m) = i(δ ˆ̄q(a)12 − δ ˆ̄q(a)21)/2,
(28)

and X̂ (D) and Ŷ(D) are defined analogously in terms of
δQ̂(a)(0). These fluctuations are governed by the action
in Eq. A4 in Appendix A.
In the absence of disorder, Ŷ (m) is massless while X̂(m)

is massive, and integrating out the massive X̂(m) mode
only leads to a renormalization of the parameters. By
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contrast, in the disorder-only case, both X̂ (D) and Ŷ(D)

are massless. In the current case, when both disorder
and measurement are present, all four modes are mas-
sive. However, their coupling results in a massless mode
corresponding to a linear combination of Ŷ (m) and Ŷ(D),
while the sector spanned by X̂(m) and X̂ (D) remains mas-
sive, as in the measurement-only case.

As in the replica-symmetric sector, we introduce

Ŷ
(+)
ω,k = γmŶ

(m)
ω,k + γDŶ(D)

ω,k, (29)

and similarly for X̂(+). These modes couple directly to
the source field J (a). We find that the propagator for
Ŷ (+) is massless while that for X̂(+) is massive:

⟨Y (+)ij
−ω,−kY

(+)uv
ω,k ⟩ = Pij,uv

2πνΛε

γ̃

θ(ω, k)
,

⟨X(+)ij
−ω,−kX

(+)uv
ω,k ⟩ = Pij,uv

2πνΛε

γ2D − γ2m
2γm

,

(30)

where Pij,uv ≡
(
δivδju − 1

Rδijδuv
)
.

Integrating out the massive mode X̂(+), we arrive at
an effective Gaussian action for massless mode Ŷ (+):

S(2a)eff =− πν

γ̃
Λε

∫
ω,k

θ̃(ω, k) trR

(
Ŷ

(+)
−ω,−kŶ

(+)
ω,k

)
+ z

2πν

γ̃
Λε

∫
ω,k

ϕ(ω) trR

(
Ĵ q(a)
−ω,−kŶ

(+)
ω,k

)
− z

πν

γ̃
Λε

∫
ω,k

trR

(
Ĵ q(a)
−ω,−kĴ

q(a)
ω,k

)
,

(31)

where z = γ̃/2γm accounts for the massive mode renor-

malization effect and θ̃(ω, k) is defined as

θ̃(ω, k) =
v2k2

4dγ̃2
+ z

ω2

4γ̃2
. (32)

The renormalized Ŷ (+) propagator retains the same form
in Eq. 30 with θ(ω, k) replaced by θ̃(ω, k).

Using Eq. 31 and Eq. 24, the connected density cor-
relation function C(r, r′; t, t′) is determined by the Ŷ (+)

propagator

C(r, r′; t, t′) = z
2πνΛε

γ̃
δ(r− r′)δ(t− t′)

+ z2(
2πνΛε

γ̃
)2
∫ ∞

0

dω

π
cos (ω(t− tf )) cos (ω(t

′ − tf ))

×
∫
k

eik(r−r′)

(
ϕ2(ω)

R− 1

∑
i

⟨Y (+)ii
−k,−ωY

(+)ii
−k,−ω⟩

)
,

(33)

Here the factor cos (ω(t− tf )) originates from the half-

space Fourier transform of ∂tŶ
(+)
t with the boundary

condition Ŷ
(+)
tf

= 0 at the final time tf = 0 [83]. Sub-
stituting the explicit expression of the renormalized Y

propagator and setting t = t′ = tf , we obtain the equal-
time correlator C(r, r′; tf , tf ), whose Fourier transform
is

C̃(k) =
2νΛε

γ̃

∫ ∞

0

dω

[
z + z2

ϕ2(ω)

θ̃(ω, k)

]
=

(
Λk

2π

)d
v

γ̃

√
z

d
k.

(34)

For a subsystem of linear size ℓ, this leads to the entan-
glement entropy

SA ∝
(
Λk

2π

)d
v

γ̃

√
z

d
ℓd−1 ln(ℓ/ℓ0), (35)

up to a geometry-dependent overall coefficient, with the
effective mean free path ℓ0 ≃ v/γ̃ serves as the ultraviolet
cutoff.
As in the case of the physical response function, the

entanglement entropy retains the same form as the clean
monitored theory, with disorder entering only through
the replacements γm → γ̃ and z = 1/2 → z = γ̃/2γm.
Note that in the regime γm/γD ≪ 1, the neglected

nonlocal-in-time modes of δQ̂ (see Appendix B) become
relevant, and a separate analysis is required, as discussed
in Sec. V.

V. NONLINEAR SIGMA MODEL

The two-matrix field theory in Eq. 14 is governed by
q̂t,r and Q̂tt′,r, introduced to decouple separately interac-
tions generated by disorder and measurement averaging,
and carrying different structures in time space. How-
ever, the symmetry of the action in Eq. 14 implies that
the Goldstone manifold of the theory is generated by si-
multaneous unitary rotations of the matrix fields Q̂ and
ˆ̄q around their respective saddle points, both of which are
local in time, by the same local-in-time unitary matrix
R̂t,r

Q̂tt′,r = R̂t,rτ̂
3R̂−1

t,r δtt′ , ˆ̄qt,r = iγmR̂t,rτ̂
3R̂−1

t,r . (36)

The rotation matrix R̂t,r can be parameterized as

R̂ = R̂ΘR̂0, R̂0 = R̂θR̂ϕ

R̂Θ = eiΘ̂⊗τ̂1/2, R̂θ = eiθτ̂
1/2, R̂ϕ = eiϕτ̂

2/2,
(37)

where Θ̂ is a traceless matrix field in replica space sat-
isfying trR(Θ̂) = 0. The matrix field Θ̂ generates ro-

tations R̂Θ in the replica-asymmetric sector, while the
scalar fields θ and ϕ generate rotations R̂0 in the replica-
symmetric sector. As in the measurement-only case, the
rotation R̂ϕ produces massless fluctuations due to the
specific choice of the decoupling weight f = 1/R. By
contrast, in the replica-asymmetric sector, an analogous

rotation R̂Φ = eiΦ̂⊗τ̂2/2, with trR(Φ̂) = 0, generates mas-

sive modes when applied to both Q̂ and ˆ̄q matrix fields.
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The structure of this Goldstone manifold can be under-
stood by comparing the disorder-only and measurement-
only theories. The disorder-only theory involves only
Q̂, and its action is invariant under unitary rotations
of Q̂ in replica, Keldysh, and time space (ignoring the

cost from Ĝ−1
0 , which enters only through gradients and

time derivatives), including nonlocal-in-time rotations
that mix different time indices. The fluctuations gener-
ated by such unitary rotations that do not leave the sad-
dle point invariant are therefore Goldstone modes [81].
For the measurement-only theory, which involves only
the local-in-time matrix field q̂, the rotations that pre-
serve the actions are local in time and are further con-
strained by the τ̂1 structure in the quadratic action. The
Goldstone manifold is generated by local-in-time unitary
rotations parameterized by Eq. 37 [50, 73, 74]. When
both the measurement and disorder are present, the ac-
tion remains invariant only when both fields are rotated
by the same local-in-time rotation. The surviving sym-
metry, and therefore the Goldstone manifold, coincide
with that of the measurement-only theory.

The soft modes of the measurement-only or disorder-
only theories that lie outside this Goldstone manifold now
acquire a mass when both disorder and measurement are
present, and they can be divided into three different cat-
egories. The first type arises when both Q̂ and q̂ are

rotated by the same unitary matrix R̂Φ = eiΦ⊗τ̂2/2. The
action is then no longer invariant, because of the τ̂1 struc-
ture of the quadratic action for q̂. As a result, fluctua-
tions generated by such a rotation become massive. The
second type is generated by relative local-in-time rota-
tions between the two fields. Acting on Q̂ with an addi-
tional local-in-time unitary rotation R̃t,

Q̂tt′;r = R̂t,r
ˆ̃Rt,rτ̂

3 ˆ̃R−1
t,r R̂−1

t,r δtt′ , (38)

while keeping ˆ̄q fixed as in Eq. 36, breaks the symmetry of
the present theory and produces massive modes. These
first two types of massive modes couple to the Goldstone
modes at quadratic order and renormalize the effective
Goldstone action once integrated out. The third type
of massive modes arises from nonlocal-in-time rotations
R̂Q

t′′t′,r around the saddle point Q̂sp, which mix different
time indices and produce off-diagonal components in time
space,

Q̂tt′,r =

∫
t′′

R̂Q
tt′′,rτ̂

3R̂Q−1
t′′t′,r. (39)

The presence of the measurement-induced matrix field ˆ̄q
generates a finite mass for the off-diagonal-in-time com-
ponents δQ̂tt′ (t ̸= t′), which are not included in ei-
ther Eq. 38 or Eq. 36. Unlike the first two types, these
nonlocal-in-time fluctuations decouple from the Gold-
stone sector at quadratic order, and therefore can be ig-
nored in the regime of weak measurement and disorder
strengths, except when γm/γD ≪ 1 (see the discussion at
the end of this section).

Let us first focus on the Goldstone modes, temporarily
neglecting the massive modes and the source field. The
Goldstone action can be obtained by substituting the pa-
rameterization Eq. 36 into Eq. 14,

iSgm =Tr ln
[
Ĝ−1

0 + iγ̃R̂τ̂3R̂−1
]
. (40)

This expression immediately shows that the effective the-
ory for the Goldstone fluctuations in the presence of both
continuous monitoring and static disorder is identical to
that of the measurement-only theory, under the replace-
ment γm → γ̃. The gradient expansion then proceeds
exactly as in the measurement-only theory, yielding the
same Goldstone action under this replacement (see Ap-
pendix C 1 for the detailed derivation).
To complete the derivation, we then include the mas-

sive modes generated by the rotation R̂Φ = eiΦ⊗τ̂2/2,
which acts on both ˆ̄q and Q̂, as well as those arising from

the relative rotation ˆ̃R between them (Appendix C 2).

Once the coupling to the source field Ĵ is included, in-
tegrating out the massive modes renormalizes not only
the Goldstone action, but also the coupling between the
Goldstone modes and the source field, as well as the
source-field action (Appendix C 3).
Collecting all contributions, we arrive at the effective

action for the Goldstone modes Û = exp(iΘ̂) ∈ SU(R)

in the replica-asymmetric sector and Q̂0 = R̂0τ̂
3R̂−1

0 ∈
U(2)/U(1)×U(1) in the replica-symmetric sector:

iS′
gm =

R

2

{
trK

(
τ̂3R̂−1

0 ∂tR̂0

)
− D

4
trK

[
(∇Q̂0)

2
]}

+
iR

2
trK

[
Ĵ q(s)τ̂1Q̂0

]
− R

2γ̃

[
Ĵ q(s)Ĵ q(s)

]
− 1

8γ̃

{
z trR

[(
∂Jt Û

)(
∂Jt Û

)†]
+
v2

d
trR

(
∇Û∇Û†

)}
,

(41)
where

∂Jt Û = ∂tÛ + i
(
Ĵ q(a)Û + Û Ĵ q(a)

)
,(

∂Jt U
)†

= ∂tÛ
† − i

(
Ĵ q(a)Û† + Û†Ĵ q(a)

)
.

(42)

Here we have omitted an overall prefactor of
(
Λk

2π

)d
in

the renormalized action S′
gm for simplicity. trK denotes

the trace over the Keldysh space only. At quadratic or-
der, this action agrees with the effective Gaussian actions
S(2a)eff (Eq. 31) and S(2s) (Eq. A1) for the mixed modes

Ŷ (+) and δQ̂(+).
We note that the derivation of the NLσM for disor-

dered monitored fermions presented here is controlled in
the regime of sufficiently weak disorder and measurement
strengths γm, γD ≪ mv2. However, even when both γm
and γD are small, in the limit γm/γD ≪ 1, the neglected

nonlocal-in-time massive modes δQ̂ might become rel-
evant. These modes are generated by nonlocal-in-time
rotations around Q̂sp. They are massless in the disorder-
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only limit and acquire a mass in the presence of mea-
surement (see Appendix B for their Gaussian propaga-
tors). For γm/γD ≪ 1, this mass becomes small so that
these modes cannot be safely ignored despite being de-
coupled from the local-in-time Goldstone fluctuations at
quadratic order. A more detailed analysis of the contri-
bution of these massive modes in this regime is left for a
future study.

The factor z = γ̃/2γm in the action above arises from
integrating out massive modes and reduces to z = 1 if
these modes are neglected. It modifies the relative coeffi-
cients of the temporal and spatial gradient terms and can
be absorbed by a rescaling of time. Apart from this z fac-
tor, which takes the value z = 1/2 in the measurement-
only theory, the resulting NLσM for monitored disor-
dered fermions is identical to that of the measurement-
only theory, upon the replacement γm → γ̃ (with the
diffusion constant D ∝ 1/γ̃ modified accordingly). The
same sigma model also appears in conventional equilib-
rium disordered systems in chiral unitary class AIII in
spatial dimension d+ 1 [72].

This result implies that the same renormalization
group analysis performed for the measurement-only the-
ory applies here as well, leading to the same one-loop RG
equation [73, 74]. Since z only modifies the relative coef-
ficient of the temporal and spatial gradient terms, it can
be absorbed by a rescaling of time and does not affect
the universal RG flow. We therefore set z = 1 for the fol-
lowing qualitative RG analysis. The resulting stiffness of

the present NLσM is λ = v
4
√
dγ̃

(
Λk

2π

)d
, and is determined

by the inverse of the total decay rate γ̃ rather than the
measurement-induced decay rate γm in the measurement-
only theory. The corresponding dimensionless coupling
constant λ̃(l) = λ(l)ld−1 then obeys the RG equation for
the AIII NLσM [72–74]

dλ̃

d ln l
= (d− 1)λ̃− R

4π
+O(λ̃−1). (43)

Taking the replica limit R→ 1, this suggests the presence
(absence) of an MIPT in dimension d > 1 (d = 1).

For dimension d > 1, the RG equation has an unstable
fixed point at λ̃c = 1/4π(d− 1). The transition therefore

occurs when λ̃(ℓ0) = λ̃c, where ℓ0 ≃ v/γ̃ is the mean free
path. This condition gives a critical total decay rate γ̃c ∼
(d−1√

d
)1/dvΛk, which is also the critical measurement rate

in the clean case. Therefore, the critical measurement
strength in the presence of disorder γcm is related to the
critical value in the clean case γ̃c by

γcm = γ̃c − γD . (44)

When the factor z is retained, the bare stiffness after

time rescaling is instead λ =
√
z v
4
√
dγ̃

(
Λk

2π

)d
and the

linear relation above should be modified. Nevertheless,
since λ ∝

√
z/γ̃ = 1/

√
2γm(γm + γD), increasing either

γm and γD reduces the bare stiffness λ. Therefore, re-
taining z does not change the qualitative prediction that

disorder shifts the transition to a lower critical measure-
ment strength. In other words, we expect the disorder
potential to enlarge the area-law regime, causing the en-
tanglement transition to occur at weaker measurement
rates in the presence of disorder. As in the Anderson
localization transition, this RG analysis is controlled for
(d − 1) ≪ 1 and is expected to describe the transition
qualitatively in dimensions d = 2, 3 [74].
In one dimension, the stiffness λ decreases under RG

and flows to the strong-coupling regime when the system
size exceeds the correlation length,

ℓcorr ∼ ℓ0 exp (4πλ0) , (45)

where λ0 = v
4γ̃

(
Λk

2π

)
is the bare stiffness. At length scales

beyond this correlation length ℓ ≳ ℓcorr, the logarithmic
growth given in Eq. 35 is cut off as the RG flow enters the
strong coupling regime, and the entanglement entropy
saturates, indicating that the system is in the area-law
phase [50]. The saturation value of the entanglement
entropy is approximately,

SA(l ≳ lcorr) ∼
(
Λk

2π

)2
v2

γ̃2
. (46)

VI. NUMERICAL ANALYSIS

To verify the analytical prediction, we perform numer-
ical analysis on monitored dirty fermions. We consider
disordered fermion on a 1D chain and a 2D square lattice,
governed by the Hamiltonian,

H = −t
∑
⟨i,j⟩

(c†i cj +H.c.) +
∑
i

Vini . (47)

Here Vi is the onsite scalar potential, uniformly dis-
tributed in [−W,W ]. We consider the quantum pro-
jection dynamics starting from an initial half-filled Néel
state |Ψ0⟩ = |1010 · · · 10⟩. The fermions are subject
to unitary evolution governed by the Hamiltonian in
Eq. (47). At every time step δt, a randomly chosen site
i is projected into the occupied state |1⟩ with probabil-
ity ⟨ni⟩, or into the empty state |0⟩ otherwise. Since the
quantum state remains Gaussian throughout the dynam-
ics, we are able to perform large-scale numerical simula-
tions. The quantum projection dynamics is simulated un-
til steady state is reached, at which the physical observ-
ables are measured and averaged over the steady states
of many quantum trajectories. In this work, we employ
a uniform measurement interval with δt = 1/(Nγ) with
N being the number of the sites in the system. Here γ
denotes the measurement rate that is proportional to the
measurement-induced decay rate γm.
Although the quantum projection protocol differs from

the continuous monitoring discussed in previous sections,
both belong to the same symmetry class and are governed
by the identical NLσM as the one derived in Sec. V.
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FIG. 1. The steady-state covariance GAB for 1D disordered
monitored fermions as a function of measurement rate for var-
ious disorder strength and system size. The geometry of A
and B region in the 1D chain is illustrated in (a) and we have
LA = LB = d = L/4. The stars in (b)–(f) represent the cross-
ing point of adjacent system sizes and the color is the same as
that of the larger one. The stars for larger system sizes with
strong disorder are not shown as GAB already show area-law
decreasing with L and no crossings are observed. The data is
averaged over 1000 quantum trajectories for L = 32, · · · , 256;
400 quantum trajectories for L = 512; 100 quantum trajecto-
ries for L = 1024; and 50 quantum trajectories for L = 2048.

Therefore, the underlying physics of continuous and dis-
crete monitoring is equivalent, allowing us to use either
protocol to investigate measurement-induced dynamics
and potential phase transitions. We employ the quan-
tum projection protocol in this work as it is computa-
tional more efficient and exhibits weaker finite-size effect
than quantum state diffusion [38, 40]. The computational
advantage is achieved by utilizing a rank-1 polar update
algorithm for the re-orthogonalization. The rank-1 po-
lar decomposition is mathematically equivalent to singu-
lar value decomposition (SVD), which best preserves the
structure of |Ψ⟩ during the re-orthogonalization. This
rank-1 method is significantly faster than SVD or stan-
dard QR decomposition, and the Newton-Schulz QR
is applied periodically to mitigate the accumulation of
rounding errors. Further details are provided in Ap-
pendix D.

The steady-state particle-number covariance GAB ,
which is proportional to the mutual information IAB ≈
3π2

3 GAB [74], is used to characterize possible MIPT in
the quantum projection dynamics. The covariance GAB

0.000 0.005 0.010 0.015 0.020
0.00

0.05

0.10
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0.20

0.25

0.30

FIG. 2. Finite size crossing point of GAB curves of adjacent
system size in the 1D disordered monitored fermion system
shown in Fig. VI. The decreasing of the crossing point with in-
creasing system size L indicates the absence of genuine MIPT
in thermodynamic limit.

between two regions A and B is defined as

GAB = −
∫
x∈A

∫
y∈B

C(x− y) . (48)

Here the equal-time two-point correlation function
[Eq. 23] is given by,

C(x,y) = ⟨n(x)n(y)⟩ − ⟨n(x)⟩ ⟨n(y)⟩ . (49)

The covariance is then averaged over quantum trajecto-
ries, disorder realizations, position, and a time interval
after steady condition is reached.

A. Monitored Dirty Fermions in 1D: Absence of
MIPT

We obtain the numerical results for a 1D fermion chain
of length L with periodic boundary conditions. The co-
variance GAB is evaluated for two equal-size patches, A
and B, of length LA = LB = L/4 with a separation of
d = L/4 [Fig. VI(a)]. In the area-law phase, both the
mutual information and covariance GAB decay exponen-
tially with the system size L. Conversely, if the system
is in the logarithmically entangled critical phase, these
quantities saturate to a constant value [84, 85].
The steady-state covariance GAB is plotted in

Figs. VI(b) – (f) for various disorder strengths. For large
measurement rate γ, GAB decreases with system size,
confirming that the system is area-law entangled. For
weak measurement rates, GAB initially increases with L
for small to moderate system sizes. A genuine MIPT
would manifest as a single, size-independent crossing
point in the GAB curves. However, Fig. VI(b) reveals
that the finite-size crossing between curves of adjacent
system sizes is not constant; instead, the critical mea-
surement rate decreases with L, approaching zero for the
largest system size evaluated.
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FIG. 3. The system size scaling of GAB for 1D disordered
monitored fermions for various measurement rates and disor-
der strengths. The covariance initially increases with system
size, but it rapidly reverse the trend to decrease with L.

Interestingly, this drift of the intersection point to-
wards γ = 0 also occurs in disordered fermions. Fig. 2
tracks the finite-size crossing point, γLc , as a function of
system size. For weak disorder potentials (W = 0.25
and 0.5), the behavior closely mirrors that of the clean
limit, while the crossing point drifts toward zero more
rapidly for stronger disorder (W = 0.75 and W = 1).
These results clearly indicate the absence of an MIPT in
either clean [50] or dirty 1D fermions, corroborating our
analytical prediction from previous sections.

Fig. 3 illustrates the system-size scaling of the covari-
ance GAB for different measurement rate and disorder
strength. For small systems, GAB initially increases with
L; however, it rapidly begins to decay with L once the
system is sufficiently large. The overall trend demon-
strates 1D free fermions strictly remain in the area-law
phase, confirming the absence of a true MIPT in either
clean or disordered fermions.

B. Monitored Dirty Fermions in 2D: Disorder
Correction to MIPT

Using the same numerical methods as in the 1D case,
we study the quantum projection dynamics of disordered
fermions in 2D. Fig. 4 shows the steady-state covariance
GAB for 2D monitored fermions, with different disorder
strengths. The regions A and B are now strips of size
L× L/4 separated by a distance L/4. With this geome-

try, the covariance GAB decays exponentially with L in
the area-law phase, grows linearly with L in the area×log
phase, and is independent of L at the transition [74]. For
2D clean fermions [Fig. 4(a), the GAB curves for different
system sizes crosses at a common point, reproducing the
results of Ref. [74]. Fig. 4(b)-(k) shows GAB as a func-
tion of the measurement rate γ for increasing disorder
strength. The crossing of the curves for different system
sizes persists in the presence of disorder, indicating that
the MIPT survives in the presence of disorder.
Fig. 5 shows the critical measurement rate γc for dif-

ferent disorder strengths. At weak disorder (W < 2),
γc increases with the disorder strength W , reflecting the
change in symmetry induced by the on-site disorder [83].
In the clean limit, the half-filled system on the square lat-
tice possesses an additional effective particle-hole symme-
try. As a result, the monitored fermions are described by
a class BDI NLσM when the system is disorder-free. On-
site disorder breaks this symmetry, changing the symme-
try class of the NLσM from BDI to AIII. The increase in
γc at weak disorderW < 2 reflects this symmetry change.
Our analytical calculation applies to the AIII NLσM and
therefore does not describe this weak disorder symmetry-
crossover regime. When the disorder becomes relatively
stronger (W ≥ 2), γc decreases with increasing disorder
strength, and the change in γc is proportional toW

2. For
the uniformly distributed disorder used in the numerical
simulations, the disorder-induced elastic scattering rate
is given by γD ∝ W 2. Thus, the numerical results are
consistent with the analytical result in Eq. (44), which
predicts that the critical measurement rate decreases lin-
early with disorder-induced scattering rate γD ∝W 2.

VII. CONCLUSION AND OUTLOOK

In this work, we study the interplay between quenched
disorder and continuous monitoring of the local parti-
cle density in a d-dimensional system of noninteracting
fermions. We formulate a two-matrix field theory com-
posed of a nonlocal-in-time matrix field Q̂ that encodes
the quenched disorder and a local-in-time matrix field q̂
that captures the continuous monitoring. We find that,
in the weak-measurement and weak-disorder regime, the
long-time, long-distance behaviors of monitored disor-
dered fermions are governed by the Goldstone modes
corresponding to simultaneous local-in-time unitary ro-
tations of the two matrix fields, and that the resulting
effective theory reduces to the same NLσM describing
monitored clean fermions, with disorder entering through
renormalized model parameters. This finding suggests
that disorder does not affect the presence or absence of
an MIPT in any dimensions. In particular, in one dimen-
sion, our result implies that disorder does not stabilize
the critical phase or induce an MIPT, contrary to earlier
numerical studies. In d > 1, our theory predicts that dis-
order lowers the critical measurement rate (Eq. 44). Nu-
merical simulations of 1D and 2D lattice models provide
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FIG. 4. The covariance GAB of 2D monitored fermions at different disorder strengths. The covariance curves for different
system sizes cross at approximately the same point even in the presence of on-site disorder potential. This indicates that the
MIPT persists in the presence of disorder.
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FIG. 5. The 2D critical measurement strength γc as a func-
tion of the disorder strength W . The value of γc is obtained
by estimating the crossing point of the covariance GAB for
different system sizes. The dashed line shows a fit to the data
for W ≥ 2 (beyond the weak disorder symmetry crossover
regime) using γc = γ0

c − cW 2. Here c and γ0
c are fit parame-

ters, and γ0
c can be considered as the clean limit critical mea-

surement strength within the AIII symmetry class, i.e., in the
absence of the additional particle-hole symmetry. This result
is consistent with the analytical prediction that the critical
measurement strength decreases linearly with the disorder-
induced decay rate γD ∝ W 2.

supporting evidence for these conclusions: the absence
of an MIPT in 1D and the linear decrease of the critical
measurement strength with increasing disorder-induced
scattering rate.

Recently, monitoring in quasiperiodic free-fermion sys-

tem has also been studied [86–88], and an MIPT has
also been reported in 1D [86]. The quasiperiodic poten-
tial acts as a kind of structured disorder in modifying
the wave function statistics, which does not change the
symmetry class relative to the disordered case considered
here. Therefore, we expect that it shares similar long-
time, long-distance physics with the case of disordered
fermions and that the observed MIPT could also be an
artifact of finite-size effects.

Another natural next step is to ask how interactions
modify the behaviors of disordered monitored fermions
considered here. In the clean case [65, 80, 83, 89], it has
been shown that the interactions gap out some of the
Goldstone modes present in the noninteracting theory,
which are responsible for localization-like corrections that
stabilize the area law behavior of monitored fermions in
1D. The interaction-induced mass terms for these modes
cut off this “localization” correction and allow an MIPT
to emerge even in 1D [80, 83, 90]. This effect is analogous
to the dephasing of weak localization in conventional dis-
ordered systems [82, 91, 92], where interactions destroy
single-particle phase coherence and cut off weak localiza-
tion corrections, often manifested by the appearance of a
mass term in the Cooperon propagator. Given that both
clean and disordered noninteracting monitored fermions
are described by the same NLσM, we expect that inter-
actions would play a similar role in the two cases: they
generate a mass term for the soft modes in the current
theory and could enable an MIPT in 1D disordered case
as well. Detailed investigation of interacting monitored
fermions in the presence of disorder is an important di-
rection for future studies.
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Note added.- Shortly after this work was posted
on arXiv, Ref. [93] appeared, independently studying
the one-dimensional case of monitored noninteracting
fermions in the presence of disordered and quasiperi-
odic potentials and reaching the same conclusion that
no MIPT occurs in one dimension.
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Appendix A: Dressed propagators for the Gaussian
fluctuations

In this appendix, we present the explicit expressions for
the Gaussian action and the dressed propagators of the
Gaussian fluctuations δq̂ and δQ̂(0) in both the replica-
symmetric and replica-asymmetric sectors.

1. Replica-symmetric sector

The Gaussian action governing the fluctuations in the
replica-symmetric sector δ ˆ̄q(s) and δQ̂(s)(0) takes the

form

iS(2s) = −Rπν
γ̃
Λε

∫
ω,k

J
q(s)
−ω,−kJ

q(s)
ω,k

−R
πν

γ̃
Λε

∫
ω,k

[
δq̄

(s)12
ω,k δQ(s)12

ω,k (0)
]
K̂(s)(k, ω)

[
δq̄

(s)21
−ω,−k

δQ(s)21
−ω,−k(0)

]

+ iR
πν

γ̃
Λε

∫
ω,k

J
q(s)
−ω,−k

(
γmδq̄

(s)12
ω,k + γDδQ(s)12

ω,k (0)

+γmδq̄
(s)21
ω,k + γDδQ(s)21

ω,k (0)
)
,

(A1)
where

K̂(s) =

[
Kmm KmD

KDm KDD

]
,

Kmm(ω,k) = γ2m

(
γD
γm

+ θ(ω,k)− ϕ(ω)

)
,

KDD(ω,k) = γ2D

(
γm
γD

+ θ(ω,k)− ϕ(ω)

)
,

KDm(ω,k) = KmD(ω,k) = γmγD (−1 + θ(ω,k)− ϕ(ω)) .

(A2)

The corresponding dressed propagators for the fluctu-
ations δ ˆ̄q(s) and δQ̂(s)(0), governed by the action above,
are given by

⟨δq̄(s)21−ω,−kδq̄
(s)12
ω,k ⟩ = 1

RπνΛε

1

γ̃

(
1

θ(ω, k)− ϕ(ω)
+
γD
γm

)
,

⟨δQ(s)21
−ω,−k(0)δQ

(s)12
ω,k (0)⟩ = 1

RπνΛε

1

γ̃

(
1

θ(ω, k)− ϕ(ω)
+
γm
γD

)
,

⟨δq(s)21−ω,−kδQ
(s)12
ω,k (0)⟩ = ⟨δQ(s)21

ω,k (0)δq
(s)12
ω,k ⟩

=
1

RπνΛε

1

γ̃

(
1

θ(ω, k)− ϕ(ω)
− 1

)
.

(A3)

2. Replica-asymmetric sector

In the replica-asymmetric sector, the Gaussian fluctu-
ations are further decomposed into Y (m) and Y(D), corre-
sponding to the τ2 components of the fluctuations δ ˆ̄q(a)

and δQ̂(a)(0), respectively, as well as X(m) and X (D),
which are the corresponding τ1 components. They are
governed by the action
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S(2a) =SX + SY + SXY + SXY J + SJ0,

iSX =− πν

γ̃
Λε

∫
ω,k

trR

{[
X̂

(m)
ω,k X̂ (D)

ω,k

] [
K

(X)
mm(ω,k) K ′

mD(ω,k)
K ′

Dm(ω,k) K ′
DD(ω,k)

] [
X̂

(m)
−ω,−k X̂ (D)

−ω,−k

]}
,

iSXY =+ 2i
πν

γ̃
Λε

∫
ω,k

ϕ(ω) trR

[(
γmX̂

(m)
ω,k + γDX̂ (D)

ω,k

)(
γmŶ

(m)
−ω,−k + γDŶ(D)

−ω,−k

)]
,

iSXY J =− 2i
πν

γ̃
Λε

∫
ω,k

trR

{
Ĵ q(a)
−ω,−k

[
iϕ(ω)

(
γmŶ

(m)
ω,k + γDŶ(D)

ω,k

)
− [1− θ(ω, k)]

(
γmX̂

(m)
ω,k + γDX̂ (D)

ω,k

)]}
,

iSJ0 =− πν

γ̃
Λε

∫
ω,k

[1− θ(ω, k)] trR

(
Ĵ q(a)
−ω,−kĴ

q(a)
ω,k

)
,

(A4)

where

K(X/Y )
mm (ω,k) = γ2m

(
−1∓ γ̃

γm
+ θ(ω,k)

)
,

K ′
DD(ω,k) = γ2D

(
γm
γD

+ θ(ω,k)

)
,

K ′
Dm(ω,k) = K ′

mD(ω,k) = γmγD (−1 + θ(ω,k)) .

(A5)

The action SY has the same quadratic form as SX , upon

replacing X̂(m) → Ŷ (m), X̂ (D) → Ŷ(D), and K
(X)
mm →

K
(Y )
mm.

The propagators for Y (m) and Y(D) arising from SY in
Eq. A4 are given by

⟨Y (m)ij
−ω,−kY

(m)uv
ω,k ⟩ = Pij,uv

2πνΛε

1

γ̃

(
1

θ(ω, k)
+
γD
γm

)
,

⟨Y(D)ij
−ω,−kY

(D)uv
ω,k ⟩ = Pij,uv

2πνΛε

1

γ̃

(
1

θ(ω, k)
+
γm
γD

)
,

⟨Y (m)ij
−ω,−kY

(D)uv
ω,k ⟩ = Pij,uv

2πνΛε

1

γ̃

(
1

θ(ω, k)
− 1

)
.

(A6)

Similarly, the propagators forX(m) and X (D) arising from
SX are

⟨X(m)ij
−ω,−kX

(m)uv
ω,k ⟩ = − Pij,uv

2πνΛε

1

2γm

1 + γD

γm
θ(ω, k)

1− γm−γD

2γm
θ(ω, k)

,

⟨X (D)ij
−ω,−kX

(D)uv
ω,k ⟩ = Pij,uv

2πνΛε

(γD + 2γm)

2γDγm

1− γm

γD+2γm
θ(ω, k)

1− γm−γD

2γm
θ(ω, k)

,

⟨X(m)ij
−ω,−kX

(D)uv
ω,k ⟩ = − Pij,uv

2πνΛε

1

2γm

1− θ(ω, k)

1− γm−γD

2γm
θ(ω, k)

.

(A7)

Appendix B: Alternative treatment of the Gaussian
fluctuations

In this appendix, we provide an alternative Gaussian
approximation analysis, retaining all fluctuation modes
that are massless in the measurement-only or disorder-
only theory. In particular, we include all components
of δQ̂t1,t2 , including the off-diagonal in time modes with
t1 ̸= t2, which are massive in the presence of measure-
ment and decouple from all massless modes and source
fields at quadratic order. This analysis clarifies the full
structure of Gaussian fluctuations, especially the role of
the massive and nonlocal-in-time components of the Q̂
matrix field. For completeness, we list below all propa-
gators in both sectors. The δ ˆ̄q propagators are identical
to those in Appendix A, since δ ˆ̄q is local in time. By con-
trast, δQ̂ fluctuations carry additional nonlocal-in-time
structure, and their propagators reproduce those of the
time-diagonal component δQ̂ given in Appendix A.

1. Replica-symmetric sector

The action for Gaussian fluctuations in the replica-
symmetric sector δ ˆ̄q(s) and δQ̂(s) takes the form

iS(s) =−Rπνγm

∫
ε

∫
ω,k

δq̄
(s)12
ω,k δq̄

(s)21
−ω,−k

−RπνγD

∫
ε,ω,k

δQ
(s)12
ε,ε−ω,kδQ

(s)21
ε−ω,ε,−k

−R
πν

γ̃

∫
ε,ω,k

[−1 + θ(ω, k)− ϕ(ω)]

×
[
γmδq̄

(s)12
ω,k + γDδQ

(s)12
ε,ε−ω,k + iJ

q(s)
ω,k

]
×
[
γmδq̄

(s)21
−ω,−k + γDδQ

(s)21
ε−ω,ε,−k + iJ

q(s)
−ω,−k

]
,

(B1)

As in the main text, we keep only those fluctuations that are massless in the measurement-only or disorder-only
limits. In the presence of both disorder and measurement, these fluctuations appear massive in their respective bare
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actions:

⟨δq̄(s)21−ω,−kδq̄
(s)12
ω′,k′ ⟩

0
=

1

RπνΛε

γ̃

γ2m

1
γD

γm
+ θ(ω, k)− ϕ(ω)

,

⟨δQ(s)21
ε−ω,ε,−kδQ

(s)12
ε′,ε′−ω,k⟩0 =

1

Rπν

γ̃

γ2D

1
γm

γD
+ θ(ω, k)− ϕ(ω)

δε,ε′ .

(B2)

The interaction between matrix fields δQ̂(s) and δ ˆ̄q(s) leads to the following dressed propagators

⟨δq̄(s)21−ω,−kδq̄
(s)12
ω,k ⟩ = 1

RπνΛε

1

γ̃

(
1

θ(ω, k)− ϕ(ω)
+
γD
γm

)
,

⟨δQ(s)21
ε−ω,ε,−kδQ

(s)12
ε′,ε′−ω,k⟩ =

1

Rπν

γ̃

γ2D

1
γm

γD
+ θ(ω, k)− ϕ(ω)

(
δε,ε′ +

1

Λε

γmγD
γ̃2

(−1 + θ(ω, k)− ϕ(ω))
2

θ(ω, k)− ϕ(ω)

)
,

⟨δq(s)21−ω,−kδQ
(s)12
ε,ε−ω,k⟩ = ⟨δQ(s)21

ε−ω,ε,kδq
(s)12
ω,k ⟩ = 1

RπνΛε

1

γ̃

(
1

θ(ω, k)− ϕ(ω)
− 1

)
.

(B3)

From these results, we can reproduce the propagator for the mixed modes δQ̂(+) in Eq. 26, which in turn determines
the average-density response function Π(s)(k, ω).

2. Replica-asymmetric sector

The action governing the Gaussian fluctuations in the replica-asymmetric sector assumes the form

S(a) =SX + SY + SXY + SXY J + SJ ,

iSX =− πν

γ̃

∫
ε

∫
ω,k

trR

{
γ2mX̂

(m)
ω,k

[
−1− γ̃

γm
+ θ(ω, k)

]
X̂

(m)
−ω,−k + γ2DX̂

(D)
ε,ε−ω,k

[
−1 +

γ̃

γD
+ θ(ω, k)

]
X̂

(D)
ε−ω,ε,−k

+2γmγDX̂
(m)
ω,k [−1 + θ(ω, k)] X̂

(D)
ε−ω,ε,−k

}
,

iSY =− πν

γ̃

∫
ε

∫
ω,k

trR

{
γ2mŶ

(m)
ω,k

[
−1 +

γ̃

γm
+ θ(ω, k)

]
Ŷ

(m)
−ω,−k + γ2DŶ

(D)
ε,ε−ω,k

[
−1 +

γ̃

γD
+ θ(ω, k)

]
Ŷ

(D)
ε−ω,ε,−k

+2γmγDŶ
(m)
ω,k [−1 + θ(ω, k)] Ŷ

(D)
ε−ω,ε,−k

}
,

iSXY =+ 2i
πν

γ̃

∫
ε

∫
ω,k

ϕ(ω) trR

{(
γmX̂

(m)
ω,k + γDX̂

(D)
ε,ε−ω,k

)(
γmŶ

(m)
−ω,−k + γDŶ

(D)
ε−ω,ε,−k

)}
,

iSXY J =− i2
πν

γ̃

∫
ε

∫
ω,k

trR

{
Ĵ q(a)
−ω,−k

{
iϕ(ω)

(
γmŶ

(m)
ω,k + γDŶ

(D)
ε,ε−ω,k

)
+ [−1 + θ(ω, k)]

(
γmX̂

(m)
ω,k + γDX̂

(D)
ε,ε−ω,k

)}}
iSJ =− πν

γ̃

∫
ε

∫
ω,k

[1− θ(ω, k)] trR

(
Ĵ q(a)
−ω,−kĴ

q(a)
ω,k

)
.

(B4)

Here we have defined, as before, X(D) and Y (D) as the τ̂1 and τ2 components of δQ̂(a):

X̂(D) = (δQ̂(a)12 + δQ̂(a)21)/2, Ŷ (D) = i(δQ̂(a)12 − δQ̂(a)21)/2. (B5)

The Y propagators arising solely from the action SY are given by

⟨Y (m)ij
−ω,−kY

(m)uv
ω,k ⟩ = Pij,uv

2πνΛε

1

γ̃

(
1

θ(ω, k)
+
γD
γm

)
,

⟨Y (D)ij
ε−ω,ε,−kY

(D)uv
ε′,ε′−ω,k⟩ =

Pij,uv

2πν

γ̃/γ2D
γm

γD
+ θ(ω, k)

(
δε,ε′ +

1

Λε

γmγD
γ̃2

(θ(ω, k)− 1)
2

θ(ω, k)

)
,

⟨Y (m)ij
−ω,−kY

(D)uv
ε,ε−ω,k⟩ =

Pij,uv

2πνΛε

1

γ̃

(
1

θ(ω, k)
− 1

)
.

(B6)
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Similarly, the X propagators arising from the action SX take the form

⟨X(m)ij
−ω,−kX

(m)uv
ω,k ⟩ = − Pij,uv

2πνΛε

1

2γm

1 + γD

γm
θ(ω, k)

1− γm−γD

2γm
θ(ω, k)

,

⟨X(D)ij
ε−ω,ε,−kX

(D)uv
ε′,ε′−ω,k⟩ =

Pij,uv

2πν

γ̃/γ2D
γm

γD
+ θ(ω, k)

(
δε,ε′ −

1

Λε

γD
2γ̃

(1− θ(ω, k))
2

1− γm−γD

2γm
θ(ω, k)

)
,

⟨X(m)ij
−ω,−kX

(D)uv
ε,ε−ω,k⟩ = − Pij,uv

2πνΛε

1

2γm

(1− θ(ω, k))

1− γm−γD

2γm
θ(ω, k)

.

(B7)

Using these expressions for the dressed propagators, we can rederive the propagators for Ŷ (+) and X̂(+) in Eq. 30.
The dressed propagators can then be used to obtain the connected particle density correlation function C(r, r′; t, t′).

Appendix C: Derivation of the NLσM

In this appendix, we outline the detailed derivation of
the NLσM in Eq. 41 describing the Goldstone modes in
the current theory of monitored disordered fermions.

1. Effective action for the Goldstone modes

We first derive the action for the Goldstone modes
only, and address the renormalization effect of the mas-
sive modes and the coupling to the source field in later
sections. We start from Eq. 40, which can be rewritten
as

iSgm = Tr ln
[
1 + iĜspR̂−1∂tR̂+ iĜspR̂−1v · ∇R̂

]
,

(C1)

where Ĝ−1
sp = (Ĝ−1

0 + iγ̃τ̂3). Performing the expan-
sion of the action above, the leading order term is

iTr
[
ĜspR̂−1∂tR̂

]
, which after applying the saddle point

equation
∑

k,ε Ĝsp(k, ε) = − i
2

(
Λk

2π

)d
τ̂3 reduces to

iTr
[
ĜspR̂−1∂tR̂

]
=

1

2

(
Λk

2π

)d

Tr
[
τ̂3R̂−1∂tR̂

]
=

1

2

(
Λk

2π

)d [
R trK

(
τ̂3R̂−1

0 ∂tR̂0

)
+Tr

(
Q̂0R̂−1

Θ ∂tR̂Θ

)]
.

(C2)

Here Q̂0 = R̂0τ̂
3R̂−1

0 ∈ U(2)/U(1) × U(1). The second

term in the last equality vanishes because trR(Θ̂) = 0.
We are therefore left with the first term, which is associ-
ated with the soft modes in the replica-symmetric sector.

For the term quadratic in v · ∇ in the Tr ln expansion,

one can use
∑

k,εG
R
sp(k, ε)G

A
sp(k, ε) = 1

2γ̃

(
Λk

2π

)d
, which

leads to

1

2
Tr
[
Ĝsp

(
R̂−1v · ∇R̂

)
Ĝsp

(
R̂−1v · ∇R̂

)]
=

(
Λk

2π

)d
D

4
Tr
[
(1 + τ̂3)

(
R̂−1∇R̂

)
(1− τ̂3)

(
R̂−1∇R̂

)]
=−

(
Λk

2π

)d
D

8

[
R trK

[
(∇Q̂0)

2
]
+ 2ḡ[Q̂0] trR

(
∇Û−1∇Û

)]
.

(C3)

Here Û = exp(iΘ̂) ∈ SU(R) and ḡ[Q̂0] is defined as

ḡ[Q̂0] ≡
1

4
trK

[
(1 + Q̂0)τ̂

1(1− Q̂0)τ̂
1
]
. (C4)

We note that the cross term involving both ∇R̂Θ and
∇R̂0 vanishes because trR(Θ̂) = 0.
Similarly, the term quadratic in ∂t in the Tr ln expan-

sion gives

1

2
Tr
[
Ĝsp

(
R̂−1∂tR̂

)
Ĝsp

(
R̂−1∂tR̂

)]
= −

(
Λk

2π

)d
ḡ[Q̂0]

8γ̃
trR

(
∂tÛ

−1∂tÛ
)
.

(C5)

Here we have neglected a term quadratic in ∂tR̂0, as it is
of higher order in the gradient expansion than the term
in Eq. C2.
Combining all these terms, we arrive at the effective

action for the Goldstone modes Û ∈ SU(R) in the replica-

asymmetric sector and Q̂0 ∈ U(2)/U(1) × U(1) in the
replica-symmetric sector:

iSgm =

(
Λk

2π

)d
R

2

[
trK

(
τ̂3R̂−1

0 ∂tR̂0

)
− D

4
trK

[
(∇Q̂0)

2
]]

−
(
Λk

2π

)d
ḡ[Q̂0]

8γ̃

[
trR

(
∂tÛ

−1∂tÛ
)
+
v2

d
trR

(
∇Û−1∇Û

)]
.

(C6)

Here the overall factor ḡ[Q̂0] in the second line leads
to the coupling between the soft modes in the replica-
asymmetric and replica-symmetric sectors. This inter-
action generates corrections that are infrared finite and
can be therefore neglected [50, 74]. As a result, one can

replace ḡ[Q0] in the equation above by ḡ[Q̂sp] = 1.



17

2. Renormalization from massive modes

Let us now examine the renormalization effects arising
from the massive modes generated by the rotation R̂Φ =

eiΦ⊗τ̂2/2, which acts on both ˆ̄q and Q̂, as well as the

relative rotation ˆ̃R between them. Specifically, we now

include the massive modes generated by R̂Φ and ˆ̃R, and
consider fluctuations described by

Q̂tt′,r = R̂t,r
ˆ̃Rt,rτ̂

3 ˆ̃R−1
t,r R̂−1

t,r δtt′ , ˆ̄qt,r = iγmR̂t,rτ̂
3R̂−1

t,r ,
(C7)

with the unitary rotation R̂ now given by R̂ =

R̂ΘR̂ΦR̂θR̂ϕ. The relative rotation ˆ̃R takes the same

form as R̂ but with Θ̂, Φ̂, θ, and ϕ replaced by ˆ̃Θ, ˆ̃Φ, θ̃,
and ϕ̃, respectively.

Substituting this parameterization into Eq. 14, we find
the quadratic in q̂ terms become

− 1

2g2αf

∫
t,r

[
Tr
[
(q̂t,rτ̂

1)2
]
− f Tr2 (q̂t,rτ̂

1)
]

=

(
Λk

2π

)d
γm
4

∫
t,t′,r

{
Tr

[(
Q̂0

(
cos Φ̂τ̂1 − sin Φ̂τ̂3

))2]
−f Tr2

[
Q̂0

(
cos Φ̂τ̂1 − sin Φ̂τ̂3

)]}
.

(C8)
Retaining terms up to quadratic order, this yields the
bare action for the massive mode Φ̂,

iSΦ =

(
Λk

2π

)d

γm trR(Φ̂
2). (C9)

The Tr ln term in Eq. 14, after substituting Eq. C7,
becomes

Tr ln
[
Ĝ−1

0 + iγmR̂τ̂3R̂−1 + iγDR̂ ˆ̃Rτ̂3 ˆ̃R−1R̂−1
]

=Tr ln
[
1 + ĜspR̂−1

[
Ĝ−1

0 , R̂
]
+ iγDĜsp

ˆ̃R
[
τ̂3, ˆ̃R−1

]]
.

(C10)
Expanding the equation above, the leading order contri-

bution contains iTr
[
ĜspR̂−1∂tR̂

]
as before. Apart from

the usual terms in Eq. C2, the inclusion of R̂Φ in R̂ fur-
ther generates an interaction between the massive mode
Φ̂ and the soft modes Q̂0 and Û :

iSc1 =
1

2

(
Λk

2π

)d

Tr
[
(R̂ΦQ̂0R̂−1

Φ − Q̂0)R̂−1
Θ ∂tR̂Θ

]
= −1

4

(
Λk

2π

)d

trK

[
Q̂0τ̂

3
]
trR

[
Φ̂Û− 1

2 ∂tÛ Û
− 1

2

]
.

(C11)

As before, we set Q̂0 to its saddle point in the prefactor,
neglecting higher-order corrections from its coupling to
Û and Φ̂.

The Tr ln expansion also gives rise to the bare action

for the massive modes associated with ˆ̃R,

iSΦ̃=iγD Tr
[
Ĝsp

ˆ̃R
[
τ̂3, ˆ̃R−1

]]
+
γ2D
2

Tr

[(
Ĝsp

ˆ̃R
[
τ̂3, ˆ̃R−1

])2]
≈ −

(
Λk

2π

)d
γDγm
2γ̃

(
trR[

ˆ̃Φ2] + trR[
ˆ̃Θ2] +Rϕ̃2 +Rθ̃2

)
,

(C12)

and their leading order interaction with the massless
mode Û ,

iSc2 =γD Tr
{
Ĝsp

(
R̂−1∂tR̂

)
Ĝsp

ˆ̃R
[
τ̂3, ˆ̃R−1

]}
=−

(
Λk

2π

)d
γD
2γ̃

trR

[
ˆ̃ΦÛ− 1

2 ∂tÛ Û
− 1

2

]
.

(C13)

The action Smm = SΦ + SΦ̃ + Sc1 + Sc2, describing
the massive modes and their coupling to the massless
modes, can be used to integrate out the massive modes,
yielding an effective action for the Goldstone mode Û .
The resulting action has the same form as Eq. C6, second

line, except that the time derivative term
(
∂tÛ

−1∂tÛ
)
is

renormalized by a prefactor z = γ̃/2γm, consistent with
the Gaussian result in Sec. IV.

3. Coupling to the source field

The final step in the derivation of the NLσM is to incor-
porate the coupling to the source field Ĵ , required for the
computation of the averaged-density correlation function
and particle-number cumulants. The source field enters
through the Tr ln term in Eq. C10:

Tr ln
[
Ĝ−1

0 + iγmR̂τ̂3R̂−1 + iγDR̂ ˆ̃Rτ̂3 ˆ̃R−1R̂−1 − Ĵ
]

=Trln
[
1 + Ĝsp

(
R̂−1

[
Ĝ−1

0 , R̂
]
+ iγD

ˆ̃R
[
τ̂3, ˆ̃R−1

]
−R̂−1Ĵ R̂

)]
.

(C14)
Expanding the Tr ln to first order yields one source-

field-dependent term, in addition to those discussed
above, and it can be expressed as

− Tr
[
ĜspR̂−1Ĵ R̂

]
= iSJQ0 + iSJΦ,

iSJQ0
=
i

2

(
Λk

2π

)d

R trK

[
Ĵ q(s)τ̂1Q̂0

]
,

iSJΦ = − i

4

(
Λk

2π

)d

trK

[
Q̂0τ̂

3
]
trR

[
Φ̂Ĵ U

]
,

(C15)

where

Ĵ U ≡
(
Û− 1

2 Ĵ q(a)Û
1
2 + Û

1
2 Ĵ q(a)Û− 1

2

)
. (C16)

At second order, we have

iSJΦ̃ = iγD Tr
[
ĜspR̂−1Ĵ R̂Ĝsp

ˆ̃R
[
τ̂3, ˆ̃R−1

]]
≈ −

(
Λk

2π

)d
iγD
2γ̃

trR

[
ˆ̃ΦĴ U

]
,

(C17)
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and

iSJU = iTr
[
ĜspR̂−1Ĵ R̂ĜspR̂−1∂tR̂

]
≈
(
Λk

2π

)d
i

4γ̃
trR

[
Û− 1

2 ∂tÛ Û
− 1

2 Ĵ U
]
.

(C18)

An additional quadratic-in-J term arises from the second
order expansion:

iSJ0 = −1

2
Tr

[(
ĜspR̂Ĵ R̂−1

)2]
= −

(
Λk

2π

)d
1

2γ̃

{
R
[
Ĵ q(s)Ĵ q(s)

]
+

1

4
trR

[(
Ĵ U
)2]}

.

(C19)
As shown above, in addition to the direct coupling to

the Goldstone modes Q̂0 and Û (SJU and SJQ0
), the

source field Ĵ also couples to the massive modes Φ̂ and ˆ̃Φ
(SJΦ and SJΦ̃), which in turn interact with the massless
modes at quadratic order (Sc1 and Sc2). Integrating out
these massive modes therefore renormalizes the coupling
between the source field and massless modes, as well as
the quadratic source field action in SJ0. More specifically,
combining SJΦ+SJΦ̃ with the massive mode action Smm

and integrating out the massive modes, we obtain the
effective action

iSr = − (1− z)

8γ̃
trR

[(
Û− 1

2 ∂tÛ Û
− 1

2 + iĴ U
)2]

. (C20)

Here the J-independent term renormalizes the Goldstone
action Sgm in the replica-asymmetric sector by an over-
all factor z in the ∂t-dependent term, as explained in
Sec. C 2. The remaining terms provide the same renor-
malization factor z in both the source-massless coupling
(SJU ) and the J U dependent term in the source field
action SJ0. Combining all terms and including all these
renormalization effects, we arrive at the NLσM in Eq. 41.

Appendix D: Numerical Method

We simulate the monitored dynamics using quantum
projection dynamics (QPD), a discrete measurement
scheme that is equivalent to the continuous monitoring
used in the analytical treatment. We use QPD rather
than quantum state diffusion [40] because the projective
updates admit an efficient rank-1 reorthonormalization
scheme discussed in the following.

The numerical algorithm is summarized as follows,

1. Start with the initial wave function Ψ0, which is
represented with a N ×N/2 matrix.

2. At time t, we have the wave function Ψt, and we
perform time evolution Ψt+δt = e−iHδtΨt. Here we
use fixed δt = 1/(Nγ). The time evolution is eval-
uated with Chebyshev expansion (discussed in de-
tail below), which is highly efficient and expanded
to order with machine precision.

3. Quantum projection at site k, which is randomly
selected across the system with equal probability
for all the sites. At the picked site k, density mea-
surement is performed and there are two possible
outcomes: nk = 1 (on) and nk = 0 (off), occurring
with probability Pk = ⟨nk⟩ and 1 − Pk , respec-
tively. The wave function update can be written as
Ψ′ = Ψ+uv† with u and v being N×1 and N/2×1
column vectors, respectively,

ui =

 δik√
⟨nk⟩

−
∑

j ΨijΨ
∗
kj

⟨nk⟩ on ,

−δik off .
(D1)

vj = Ψ∗
kj . (D2)

4. Reorthonormalization of Ψ′.

5. Repeat 2-4 until convergence criteria are met.

6. Calculate physical observables.

For projecting on, the measured site is projected to
unit occupation and decouples from the other sites;
for projecting off, its occupation is projected off. The
project-on operation defined in Eq. (D1) is identical to
the quantum jump operation discussed in, e.g. Ref. [40],
where the jump operation is performed on the correla-
tion matrix and orthonormality is restored via SVD de-
composition. Here, we instead work with the wave func-
tions directly. For the project-on outcome, the resulting
wave function remains exact column orthonormal, and no
subsequent SVD or QR decomposition is required. For
the project-off outcome, the reorthonormalization is per-
formed with the rank-1 polar update scheme discussed
below. The rank-1 method is much more efficient than
QR or SVD, especially on modern hardware with high-
bandwidth memory, e.g. GPUs.

1. Chebyshev time evolution

We employ Chebyshev expansion of the evolution op-
erator e−iH∆t for the unitary evolution between quan-
tum projections. The Chebyshev time evolution is nu-
merically stable, highly accurate, and efficient for sparse
Hamiltonians. The time evolution operator can be ex-
pressed as

U (t) = e
iβt
α

J0( t
α

)
+ 2

∑
n≥1

(−i)n Jn
(
t

α

)
Tn

(
H̃
) .
(D3)

Here the Hamiltonian is rescaled with H̃ = αH + β so
that the spectrum of H̃ falls in the range (−1, 1), where
Chebyshev expansion is convergent. Jn(x) is the Bessel
function of the first kind (not to be confused with the
source field), and Tn(x) is the Chebyshev polynomial of
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the first kind. Thus, we have

|ψ(t+∆t)⟩ = U (∆t) |ψ(t)⟩

=e
iβ∆t

α J0

(
∆t

α

)
|ψ0(t)⟩+ 2e

ib∆t
a

∑
n≥1

(−i)nJn
(
∆t

α

)
|ψn(t)⟩ .

(D4)

Here the |ψn(t)⟩ is given by

|ψn(t)⟩ = Tn

(
H̃
)
|ψ(t)⟩ . (D5)

When the Hamiltonian is sparse, the operation can be
performed very efficiently, especially on modern GPUs
with high bandwidth memory.

The |ψn⟩ can be obtained iteratively with recurrence
relation,

|ψ0⟩ = |ψ (t)⟩ .
|ψ1⟩ = H̃ |ψ0⟩ ,

· · ·
|ψn+1⟩ = 2H̃ |ψn⟩ − |ψn−1⟩ .

(D6)

The Chebyshev expansion of the evolution operator con-
verge rapidly because, at fixed argument, the Bessel func-
tion Jn(z) falls to 0 superexponentially with n,

Jν (z) ∼
1

Γ (ν + 1)

(z
2

)ν
, 0 < |z| ≪

√
ν + 1 . (D7)

Therefore, only a small number of Chebyshev polynomi-
als are required for accurate evaluation of U (t).

The upper bound of the error with cutoff at order M
can be estimated via

∆ = |⟨ψexact (∆t) |ψexact (∆t)− ψCheb (∆t)⟩|

=

∣∣∣∣∣2
∞∑

n=M+1

(−i)nJn
(
t

a

)
⟨ψexact (t) |ψn⟩

∣∣∣∣∣
< 2

∞∑
n=M+1

∣∣∣∣Jn( ta
)∣∣∣∣

≈
√

2

Mπ

(
t

2a

)M

e−M(logM−1) . (D8)

The error vanishes with M faster than exponential func-
tion, and machine precision can be achieved with small
M when the measurement time step is small.

2. Rank-1 polar reorthonormalization

The orthonormalization of the wave function is usually
restored either with QR decomposition of wave function
Ψ or SVD of the correlation matrix D. The projection
operation discussed in this manuscript is effective rank-1
and we can then perform the rank-1 polar update to re-
store orthonormality. The rank-1 update gives the same

occupied subspace as the full SVD, at much lower com-
putational cost. The rank-1 polar update is as follows,

1. Project the perturbation

(a) Ψ′ = Ψ+ uv† and w = Ψ†u

2. Build 2D orthonormal basis

(a) v1 = v/ ||v||

(b) w⊥ = w −
(
v†1w

)
v1

(c) v2 = w⊥/ ||w||
(d) Basis matrix V = [v1 v2]

(e) α1 = v†1w and α2 = ||w⊥||

3. Formulate the metric tensor Y

Y =

[
Y11 Y12
Y21 Y22

]
,

with

Y11 = 1 + 2ℜ (α1 ||v||) + ||u||2 ||v||2 ,
Y12 = α2 ||v|| ,
Y21 = α2 ||v|| ,
Y22 = 1 .

(D9)

4. Analytical inverse square root
(
Z = Y − 1

2

)
Z =

1

s · t

[
Y22 + s −Y12
−Y21 Y11 + s

]
,

with

s =
√
detY , (D10)

t =
√
TrY + 2s . (D11)

5. Rotation-aware matrix update

Ψ′
unitary = Ψ+ (ΨV∆Z +W )V † ,

with ∆Z = Z − I2 and W = u [||v||Z11 ||v||Z12].

For the project-off case, the rank-1 polar update can
be further simplified as,

Ψ′
unitary = Ψ+ uoffv

†, (D12)

where

uoff =
(1− ⟨nk⟩)−1/2 − 1

⟨nk⟩
Ψv − |k⟩√

1− ⟨nk⟩
. (D13)

with ⟨nk⟩ being the fermion density at site k before pro-
jection. It can be shown that Ψ′

unitary is column orthonor-
mal and no further QR or SVD decomposition is required.
In the numerical simulation, we periodically (every 100
projections) re-orthonormalize the state with Newton-
Schulz method to reduce the accumulating numerical er-
rors.
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[83] I. Poboiko, P. Pöpperl, I. V. Gornyi, and A. D.
Mirlin, Measurement-induced transitions for interacting
fermions, Phys. Rev. B 111, 024204 (2025).

[84] S. Furukawa, V. Pasquier, and J. Shiraishi, Mutual in-
formation and boson radius in a c = 1 critical system in
one dimension, Phys. Rev. Lett. 102, 170602 (2009).

[85] P. Calabrese, J. Cardy, and E. Tonni, Entanglement en-
tropy of two disjoint intervals in conformal field theory,
J. Stat. Mech.: Theory Exp 2009, P11001 (2009).

[86] T. Matsubara, K. Yamamoto, and A. Koga,
Measurement-induced phase transitions for free fermions
in a quasiperiodic potential, Phys. Rev. B 112, 054309
(2025).

[87] P. Singha, N. Roy, M. Szyniszewski, and A. Sharma,
Controlled zeno-induced localization of free fermions in
a quasiperiodic chain, arXiv:2602.12340 .

[88] T. Matsubara and K. Yamamoto, Measurement-induced
spatially nonuniform fluctuations of the local particle
number and their crossover in a quasiperiodic free-
fermion chain, arXiv preprint arXiv:2607.03799 (2026).

[89] T. Müller, M. Buchhold, and S. Diehl, Monitored inter-
acting Dirac fermions, Phys. Rev. B 111, 174201 (2025).
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